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Abstract 

The main result of this paper is that, for k e (0,4], whole-plane SLE^ satisfies reversibil- 
ity, which means that the time-reversal of a whole-plane SLE^ trace is still a whole-plane 
SLEk trace. In addition, we find that the time-reversal of a radial SLE^ trace for k G (0, 4] 
is a disc SLE^ trace with a marked boundary point. The main tool used in this paper is a 
stochastic coupling technique, which is used to couple two whole-plane SLE„ traces so that 
they overlap. Another tool used is the Feynman-Kac formula. We use it to solve a PDE. 
The solution of this PDE is used to construct the above coupling. 

1 Introduction 

The stochastic Loewner evolution (SLE) introduced by Oded Schramm ([19j) describes some 
random fractal curves in plane domains that satisfy conformal invariance and Domain Markov 
Property. These two properties make SLEs the most suitable candidates for the scaling limits of 
many two-dimensional lattice models at criticality. These models are proved or conjectured to 
converge to SLE with different parameters (e.g., [6] [H] [l5] [20] [21] [22] [23] ) . For basics of SLE, 
the reader may refer to [10] and [18j . 

There are several different versions of SLEs, among which chordal SLE and radial SLE are 
the most well-known. A chordal or radial SLE trace is a random fractal curve that grows in a 
simply connected plane domain from a boundary point. The difference is that a chordal SLE 
trace ends at another boundary point, while a radial SLE trace runs towards an interior point. 
Their behaviors both depend on a positive parameter k. When k G (0, 4], both traces are simple 
curves, and all points on the trace other than the initial and final points lie inside the domain. 
When K > 4, the traces have self-intersections. 

A stochastic coupling technique was introduced in [28] to prove that, for k £ (0,4], chordal 
SLEfj satisfies reversibility, which means that if /3 is a chordal SLE^ trace in a domain D from 
a to b, then after a time-change, the time-reversal of /3 becomes a chordal SLE^ trace in D 
from b to a. The technique was later used ([29] [30]) to prove Duplantier's duality conjecture. 
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which says that, for k > 4, the boundary of the hull generated by a chordal SLE^ trace looks 
locally like an SLE^g/^ trace. The technique was also used to prove that the radial or chordal 
SLE2 can be obtained by erasing loops on a planar Brownian motion (|33j). and the chordal 
SLE(k, p) also satisfies reversibility for k, G (0,4] and p > k/2 — 2 ([31]). 

Since the initial point and final point of a radial SLE are topologically different, the time- 
reversal of a radial SLE trace can not be a radial SLE trace. However, we may consider whole- 
plane SLE instead, which describes a random fractal curve in the Riemann sphere C = CU{oo} 
that grows from one interior point to another interior point. Whole-plane SLE is related to 
radial SLE as follows: conditioned on the initial part of a whole-plane SLE^ trace, the rest 
part of such trace has the distribution of a radial SLE^ trace that grows in the complementary 
domain of the initial part of this trace. The main result of this paper is the following theorem. 

Theorem 1.1 Whole-plane SLE^ satisfies reversibility for k G (0,4]. 

The theorem in the case k = 2 has been proved in |32j. The proof used the reversibility of 
loop-erased random walk (LERW, [9]) and the convergence of LERW to whole-plane SLE2. In 
this paper we also studied the reversibility whole-plane SLE(k;, s) process, which is defined by 
adding a constant drift to the driving function for the whole-plane SLE^ process. Such process is 
interesting because it is related to the radial SLE(k, s) process, which satisfies Domain Markov 
Property as the radial SLE^ does. We find that the whole-plane SLE(k, s) process also satisfies 
reversibility for any k G (0,4] and s G M. This is the statement of Theorem 19. 11 

Let's first review the proof of tlie reversibility of chordal SLE/^ in [28] • We constructed a 
pair of chordal SLE^ traces 71 and 72 in a simply connected domain D, where 71 grows from 
ai to 02, 72 grows from 02 to ai, and these two traces commute in the following sense. Fix 
j ^ k £ {1,2}, if Tfc is a stopping time for 7^, then conditioned on 7fc(t), t < Tk, the part of 
7j before hitting "jkit), t <Tk, has the distribution of a chordal SLE^ trace that grows from 
ai to ^k{Tk) in Dk{Tk), which is the complement of the curve 7fc(i), t < T^, in D. In the case 
K < 4, a.s. 7j hits the curve 7A;(i), t <Tk, exactly at '^k{Tk)i so 7^ visits ^k{Tk) before any ^k{t)-, 
t < Tk- Since this holds for any stopping time Tk for 7^, the two traces a.s. overlap, which 
implies the reversibility. 

To prove the reversibility of whole-plane SLE^, we want to construct two whole-plane SLE^ 
traces in Z? = C, one is 71 from ai to 02, the other is 72 from 02 to ai, so that 71 and 72 
commute. Here we can not expect that they commute in exactly the same sense as in the above 
paragraph. Note that conditioned on 7fc(t), t < Tk, the part of 7j before hitting 7fc(t), t < Tk, 
can not have the distribution of a whole-plane SLE^ trace in Dk(Tk) from ai to ^k{Tk) because 
now the complementary domain Dk(Tk) is topologically different from C, while whole-plane 
SLEs are only defined in C. Since this curve grows from an interior point to a boundary point, 
it is neither a radial SLE trace nor a chordal SLE trace. 

Thus, we need to define SLE traces in simply connected domains that grow from an interior 
point to a boundary point. We use the idea of defining whole-plane SLE using radial SLE. 
The situation here is a little different: after a positive initial part, the rest part of the curve 
grows in a doubly connected domain. Another difference is that there is a marked point on the 
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boundary of the initial domain. In this paper, we use the annulus Loewner equation introduced 
in [25] together with an annulus drift function A = A(t, x) to define the so-called annulus 
SLE(k, A) process in a doubly connected domain D, which starts from a point a G dD, and 
whose growth is affected by a marked point b G dD. In the case when a and b lie on different 
boundary components, by shrinking the boundary component containing a to a singlet, we get 
the socalled disc SLE(k, A), which describes a random curve that grows in a simply connected 
domain and starts from an interior point. 

We find that if A(t, x) satisfies the following partial differential equation on (0, oo) x M: 



where H/(t, z) is related to some Jacobi theta function (j2.6p . then using the coupling technique 
we could construct a coupling of two whole-plane SLE^ traces: 71 and 72, which commute in 
the sense that, conditioned on one curve up to a finite stopping time T, the other curve is a 
disc SLE(k, A) trace in the remaining domain, and its marked point is the tip point of the first 
curve at T. If, moreover, a disc SLE(k, A) trace a.s. ends at its marked point, then 71 and 72 
should overlap, we then have the reversibility of whole-plane SLE^. 

We solve (jl.ip by transforming it into a linear PDE and using a Feynman-Kac representation 
to get a formal solution of that linear PDE, which is represented by the expectation of the 
exponential of an improper integral along a diffusion process. Using Fubini's Theorem, Ito's 
formula, and some estimations, we prove that the formal solution is smooth and solves the linear 
PDE. Such solution exists for n G (0, 4]. Then we obtain A which solves (II. ip from the solution 
of that linear PDE. We then find that this A also satisfies the property that a disc SLE(k, A) 
trace a.s. ends at its marked point. So the main theorem is proved. Moreover, from the relation 
between whole-plane SLE^ and radial SLE^, and the property of the coupling between 71 and 
72, we conclude that, for k G (0, 4], the time-reversal of a radial SLE^ trace is a disc SLE(k, A) 
trace. Thus, the solution A depends only on k. 

PDE often appear in the study of SLE, especially SLE in multiply connected domains or 
SLE with marked points. The work in this paper provides a way to prove the existence and 
smoothness of the solutions of some of these PDE, even when the closed form is not available. 
For example, it is shown in [26] that an annulus SLE^ trace (without marked point) in an 
annulus ends at a random point on the target circle; and if the distribution of the end point is 
absolutely continuous w.r.t. the Lebesgue measure on the target circle, and the density function 
is smooth, then the density function satisfies some PDE. In this paper, for k G (0,6), we found 
a solution of that PDE using a Feynman-Kac representation, and proved the assumption of 
absolutely continuity and smoothness in [26] . 

The marked point and the initial point of an annulus SLE(k, A) process could either lie on 
two different boundary components, or lie on the same boundary component. The first case is 
studied for the proof of Theorem 11.11 The second case is also interesting. We find that if A 
satisfies the following partial differential equation on (0, 00) x (M \ {2kiT : k £ Z}): 



dtA = I A" + (3 - I) H'/ + ah; + H, A' + AA' 



(1.1) 




(1.2) 
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where H{t,z) is related to another Jacobi theta function (j2.6p . then for a doubly connected 
domain D with two boundary points ai and 02 on the same boundary component, we can 
construct a pair of annulus SLE(k, A) traces 71 and 72 in D, which commute with each other. 
If an SLE process in a doubly connected domain is the scaling limit of some random path in 
a lattice, which satisfies reversibility, then such SLE should satisfy reversibility, and the drift 
function should satisfy either (jl.ip or ()1.2p . We hope that the work in this paper will shed some 
light on the study of these processes. 

The study on the commutation relations of SLE in doubly connected domains continues 
the work in [7j by Dubedat, who used some tools from Lie Algebra to obtain commutation 
conditions of SLE in simply connected domains. In Lawler proposed another approach to 
study the reversal of radial SLE, which is to first define SLE in a doubly connected domain from 
one boundary point to another boundary point using Brownian loops and restriction measures, 
and then let the modulus of the domain tend to 00. 

The method and result of this paper may be used to study the two-sided whole-plane SLE 
curves. The two-sided whole-plane SLE^ process is some limit of the two-sided radial SLE«; 
process (|I0]), and for k S (0,4), it produces a random simple loop in C passing through two 
fixed points. In this paper we constructed a reversible SLE^ curve crossing an annulus. Based 
on this curve we may construct a pair of disjoint reversible SLE^ curves crossing an annulus 
such that conditioned on one curve, the other curve is a chordal SLE^. If the modulus of the 
domain tends to 00, such pair of curves should tend to the two-sided whole-plane SLE^. 

This paper is organized as follows. In Section [2l we introduce some symbols and notations. 
In Section [3l we review several versions of Loewner equations. In Section [H we define annulus 
SLE(k, A) and disc SLE(k, A) processes, whose growth is affected by one marked boundary 
point. In Section [5] we prove that when A solves (|l.ip or (II. 2p . there is a commutation coupling 
of two annulus SLE(k, A) processes. In Section [6l we construct a coupling of two whole-plane 
SLE processes as the limit of the coupling in the previous section. In Section [71 we solve PDE 
(jl.ip using a Feynman-Kac expression. In Section [8l we find that for the solution A given in 
the previous section, an annulus SLE(k, A) trace has only one subsequential limit point at the 
boundary, which is the marked point. In Section [9l we prove the main theorem as well as the 
reversibility of skew whole-plane SLE^ processes for k E (0,4]. We also obtain a decomposition 
of an annulus SLE^ process without drift for k G (0, 6) according to the endpoint of the trace. 
In the last section, we find some solutions to (jl.ip and ()1.2p when k, £ {0,2,3,4,16/3}, which 
can be expressed in terms of H/ and H. 

Acknowledgements. I would like to thank Alexander Volberg for his suggestions on trans- 
forming PDE (j5.6p into (j5.7p . and thank Zhen-Qing Chen for his help on Lemma l7.2i I also 
thank Gregory Lawler for his valuable comments and suggestions. 
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2 Preliminary 



2.1 Symbols 

Throughout this paper, we will use the following symbols. Let C = C U {00} , D = {z £ C : 
\z\ < I}, T = {z e C : \z\ = 1}, and M = {z e C : Imz > 0}. For p > 0, let Ap = {z G C : 
1 > |z| > e-P} and Sp = {z G C : < Imz < p}. For p G M, let Tp = {z G C : \z\ = e'P} and 
Mp = {z G C : Imz = p}. Then dB = T, dm = M, dAp = T U Tp, and 5Sp = M U Mp. Let e' 
denote the map z 1— t- e*^. Then e* is a covering map from HI onto D, and from Sp onto Ap] and 
it maps M onto T and maps Mp onto Tp. For a doubly connected domain D, we use mod(-D) to 
denote its modulus. For example, mod(Ap) = p. 

A conformal map in this paper is a univalent analytic function. A conjugate conformal map 
is defined to be the complex conjugate of a conformal map. Let loiz) = 1/z be the reflection 
w.r.t. T. Then Iq is a conjugate conformal map from C onto itself, fixes T, and interchanges 
and 00. Let loiz) = z be the reflection w.r.t. M. Then Iq is a conjugate conformal map from 
C onto itself and satisfies e* o /g = /g o e*. For p > 0, let /p(z) := e~P/z and /p(z) = ip + 'z. 
Then Ip and Ip are conjugate conformal automorphisms of Ap and Sp, respectively. Moreover, 
Ip interchanges Tp and T, Ip interchanges Mp and M, and /p o e* = e* o /p. 

We will frequently use functions cot(z/2), tan(z/2), coth(z/2), tanh(z/2), sin(z/2), cos(z/2), 
sinh(z/2), and cosh(z/2). For simplicity, we write 2 as a subscript. For example, cot2(z) means 
cot(z/2), and we have cot2(z) = — isin2^(z). 

An increasing function in this paper will always be strictly increasing. For a real interval 
J, we use C(J) to denote the space of real continuous functions on J. The maximal solution 
to an ODE or SDE with initial value is the solution with the biggest definition domain. 

Many functions in this paper depend on two variables. In some of these functions, the 
first variable represents time or modulus, and the second variable does not. In this case, we 
use dt and 5" to denote the partial derivatives w.r.t. the first variable, and use and the 
superscripts (h) to denote the partial derivatives w.r.t. the second variable. For these functions, 
we say that it has period r (resp. is even or odd) if it has period r (resp. is even or odd) in 
the second variable when the first variable is fixed. Some functions in Section [5] and Section [6] 
depend on two variables: ti and t2, which both represent time. In this case we use dj to denote 
the partial derivative w.r.t. the j-th variable, j = 1, 2. 

2.2 Brownian motions 

Throughout this paper, a Brownian motion means a standard one-dimensional Brownian mo- 
tion, and B{t), < t < 00, will always be used to denote a Brownian motion. This means that 
B{t) is continuous, B{0) = 0, and B{t) has independent increment with B{t)—B{s) ~ A^(0, t—s) 
for t > s > 0. For k > 0, the rescaled Brownian motion y/K,B{t) will be used to define radial 
or annulus SLE^. The symbols B^:{t), B^{t), or i?*(t) will also be used to denote a Brownian 
motion, where the * stands for subscript. Let {J-'t)t>o be a filtration. By saying that B{t) 
is an (J^()-Brownian motion, we mean that {B{t)) is (J-t)-adapted, and for any fixed tg ^ 0; 
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B{tQ + 1) — B{tQ), t > 0, is a Brownian motion independent of J-fg. 

Definition 2.1 Let k > and {J-t)teM. be a right- continuous filtration. A process B^'^\t), 
t S M, is called a pre-{J-'t)-{T; k)- Brownian motion if {e''{B^'^\t))) is {Tt)-adapted, and for any 
to G 

Bt,{t):=^(^B^^\to + t)-B^^\to)), 0<t<oo, (2.1) 

is an (J^to+t) -Brownian motion. If {Ft) is generated by (e^ {B^'^\t))) , then we simply call 
{B^'^\t)) a pre-{T; K)-Brownian motion. 

Remark. The name of the pre-(T; K)-Brownian motion comes from the fact that Bj{t) := 
e"^ (B^'^\t)) , t G M, is a Brownian motion on T with speed k: for every to G M, Bflto) is 
uniformly distributed on T; and -BtC^o + t)/BT{to), t > 0, has the distribution of e*(\/Ki?(t)), 
t > 0, and is independent of Bj(t), t < to- One may construct B^'^\t) as follows. Let -B+(t) and 
B-{t), t > 0, be two independent Brownian motions. Let x be a random variable uniformly 
distributed on [0, 27r), which is independent of {B±(t)). Let B^'^\t) = x + -v/K^sign(t)(l^l) 
t G M. Then B^'^\t), t G M, is a pre-(T; K)-Brownian motion. 

Definition 2.2 Let B^^^t), t€R, be a pre-{J-'t)-{T; k) -Brownian motion, where {J-f) is right- 
continuous, and every Tt contains all eligible events w.r.t. the process {e'' {B^'^\t))) . Suppose 
T is an {J^t) stopping time, and T > to for a deterministic number to G M. We say that X(t) 
satisfies the {Ft)-adapted SDE 

dX{t) = a{t)dB^^\t) + b{t)dt, -oo <t<T, (2.2) 

if e^{X{t)), a{t), andb{t) are continuous and {Tt)-adapted, and if for any deterministic number 
to with to < T, XtQ{t) := X(to + t) — X{to) satisfies the following {FtQ+t)t>o-o.dapted SDE with 
the traditional meaning in \17^ : 

dXt^, (t) = at, {t)^dBt, (t) + bt, {t)dt, 0<t<T-to, 

where Btg{t) is given by 112. at^it) := a{to + t), and bto{t) := b{to +t). Note that Btg{t) is an 
{FtQ+t)t>Q-Brownian motion, Xtf,{t), atf^{t) and btf^{t) are all {J^to+t)t>o-0'dapted. 

2.3 Special functions 

We now introduce some functions that will be used to define annulus Loewner equations. For 
t > 0, define 

s{t,z) = lim y £!!l±i = p.v.y4^> 

k=-M 2\n 
g"* -I- g«2 

H(t, z) = -iS{t, e\z)) = -i P. V. ^7113^ = P- V- 5^ cot2{z - int). 

2\n 2\n 
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Then H(t, •) is a meromorphic function in C, whose poles are {2miT + i2kt : ra,k ^ Z}, which 
are ah simple poles with residue 2. Moreover, H(t, •) is an odd function and takes real values 
on M \ {poles}; ImH(t, •) = -1 on Mf; H(t, z + 2tt) = H(t, z) and H(t, z + i2t) = H(t, z) - 2i 
for any z G C \ {poles}. 

The power series expansion of H(t, •) near is 

lI{t,z) = ^ + r{t)z + Oiz^), (2.3) 

where r(t) = Efcli sinh~2(/ct)-i. As t ^ oo, S{t,z) H(t,z) cot2(2), and r(f) -i. 

So we define S(oo,z) = H(oo,z) = cot2(^;), and r(oo) = — |. Then r is continuous on 
(0,oo], and (j2.3p still holds when t = oo. In fact, we have r{t) — r(oo) = 0(e~*) as t — )• oo, so 
we may define R on (0,oo] by R(t) = — J^{r{s) — r{oo))ds. Then R is continuous on (0, oo], 
R(t) = 0(e~*) as t — )• oo, and for < t < oo, 

R'(t) = r(t) - r(oo). (2.4) 

Let Si{t,z) = S(t,e"*z) - 1 and H/(t,z) = -iS/(t,e") = ll{t,z + it) + i. It is easy to 
check: 

nt I 

Si{t,z) =P.V.^ , H/(t,z) =P.V.^cot2(z-mt). (2.5) 

So H/(t, •) is a meromorphic function in C with poles {2m-7r + i{2k + l)t : m,k € Z}, which 
are all simple poles with residue 2; H/(t, •) is an odd function and takes real values on M; and 
H/(t, z + 2tt) = H/(t, z), H/(t, z + i2t) = Ui{t, z) - 2i for any z e C \ {poles}. 

It is possible to express H and Hj using classical functions. Let 6'(;/, r) and 9k{i^,T), k = 
1,2,3, be the Jacobi theta functions defined in [T]. Define Q{t,z) = ^(^,7) and @i{t,z) = 
^2(^5 )• Then 0/ has period 2it, has antiperiod 2it, and 

Pi' (P)' 
H = 2-, H, = 2^. (2.6) 

These follow from the product representations of Q and 0/. For example, 

00 

Qj(t, z)=Y[{l- e"2"*)(l - e-(2'™-^)*e^^)(l - e-(2™-i)*e-^^). (2.7) 

m=l 

Both and 0/ solve the heat equation 

dtQ = 0", dtQi = 0';. (2.8) 

So H and H/ solve the PDE: 

dtU = H" + H'H, dtUi = H'/ + U'jHi. (2.9) 
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We rescale the functions H and H/ as follows. For t > and z G C, let 



H(t,z) 



TT /vr vr 
-H 



z + 



t 



lli{t,z) = -H/ 



TT /vr vr 



z + 



t 



(2.10) 



Since H and H/ have period 2vr, 

U{t,z + 2kt) = U{t,z) + 2k, Ui{t,z + 2kt) = 'H.i{t,z) + 2k, keZ. (2.11) 
From the identities for ^ in [1] or formula (3) in [26j, we see H(t,z) = ij'H{^,ijz) — |. So 



U{t, z) = -zH(t, -zz) = P. V. ^ coth2(z - nt). 



2n 



Since ^i{t, z) = H(t, z + it) + i, 



H/(t,z) =H(t,z + vri) = P. V. ^ tanh2(z - nt). 

2|n 



From (|2.9p and (|2.10p we may check that 



atH = H +HH, -dtUi = Uj + Ujni. 



(2.12) 



(2.13) 



(2.14) 



From (|2.12p and (|2.13p we see that H(t, •) — )• coth2 and ili{t, •) — )• tanh2 as t — )• oo. 

From (12. 5p we see that as t — t- oo, Hi{t,z) — t- 0, so its derivatives about z also tend to 0. 
The following lemma gives some estimations of these limits. 



Lemma 2.1 //|Imz| < t, then 

|H7(t,z)| < 



(2.15) 



(1 _ e|Im2ht)2(-x _ g2{|Im^ht))- 

If t > \lm.z\ +2, then \Ui{t,z)\ < 5.5el ^'""^l"*. For any h £ N, if t > \ Imz\ + h + 2, then 
\iiP{t,z)\ < 15^/^elI'^"l-^ 

Proof. From (j2.5p . if | Imz| < t, then 



A:=0 



|H/(t,z)| 

2 sin(z) 



E 



g(2A:+l)t _|_ ^iz g-(2fc+l)t _|_ gj^ 



+ 



fc=0 



g(2fc+l)t _ giz g-(2A;+l)t _ ^ 



cosh((2A: + l)t) - cos{z) 



oo 
k=0 



2g|Imz| 



cosh((2fc + l)t) - cosh(|Imz|)' 



(2.16) 



Here we use the facts that |sin(z)| < e'^™^' and |cos(z)| < cosh(|Im2:|) < cosh(t). Let ho 
t — I Imz| > 0. Then for A; > 0, 



cosh((2fc + l)t) -cosh(|Imz|) = 2 sinh2((2A; + l)t + | Imz|) sinh2((2A; + l)t - |Imz| 
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= le((2fc+l)t+l Im2|)/2j--|_ _ g-(2fc+l)t-| Im2|-jg((2fe+l)i-| lmz\)/2^'^ _ g-(2fc+l)i+| Im^l^j 
> lg((2fc+l)t+|Im2|)/2g((2A:+l)i-|Imz|)/2Q _ g-/*0)2 ^ lg(2fc+l)tQ _ ^''^0)2 

So the RHS of (|2.16p is not bigger than 

^gl Im^|g-{2fc+l)i ^^\lmz\-t 4e~'*0 



< 



(1 - e-'^o)2 (1 - e-^o)2(l - e-2t) " (1 - e-^o)2(i _ g-2fto) " 
So we proved (j2.15p . 

If t > |Imz| +2, then 4/((l - el - e^d < 4/((l - e-2)2(l - g-^)) < 5.5. 
From (|2.15p we have |H/(t, z)| < 5.5el^™^l~*. Now we assume /i G N and t > |Imz| + h + 2. 
Then for any w G C with — z| = h, we have t > \ Imw\ + 2, so |H7(t, < 5.5el^™"'l~* < 
5.5e'*el From Cauchy's integral formula and Stirling's formula, we have 

\llf\t,z)\ < 5.5^eli'"^l-* < 5.5V2;^ei/(i2'^)eli'"^l-* < IbVhe^'"''^-' . □ 
n" 

3 Loewner Equations 
3.1 Hulls and Loewner chains 

Hulls and Loewner chains can be defined in any finitely connected plane domains (c.f. [27j). 
Here we only need them to be defined in simply or doubly connected domains. Throughout this 
paper, a simply connected domain is a plane domain that is conformally equivalent to D or H; 
and a doubly connected domain is a plane domain that is conformally equivalent to some Ap, 
so its modulus is finite. A relatively closed subset if of a simply connected domain D is called 
a hull in Z) if D \ ii is also simply connected. If in addition, zq G D \ H, then we say that H 
is a hull in D w.r.t. zq. If D is a doubly connected domain and C is a boundary component, 
a relatively closed subset ii of D is called a hull in D w.r.t C if Z) \ if is a doubly connected 
domain that contains a neighborhood of C in D. In this case, C is also a boundary component 
of D\H. 

If if is a hull in a simply connected domain D w.r.t. zq £ D, then from Riemann mapping 
theorem, there is a function g that maps D \ H conformally onto D and fixes zq. Such g is 
not unique, but [^'(zo)! is determined by H. Then ln(|<^'(2;o)|) is called the capacity of H in 
D w.r.t zq and is denoted by cap ^j.^^^ (if). If ii is a hull in a doubly connected domain D, 
then D\H is also a doubly connected domain. The difference between these two moduli, i.e., 
mod(I?) — mod(-D \ H), is called the capacity of if in D and is denoted by cap £)(ii). In either 
of these two cases, the capacity of H is always > 0, and the equality holds iff ii = 0; if ifi ^ ii2 
are two hulls then the capacity of ifi is strictly less than the capacity of if 2- The following 
proposition connects the two different kinds of capacities. 
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Proposition 3.1 Suppose zq , J is an open arc on T containing zq, and 0, is a neighborhood 
of J in D, j = 1, 2. Let W be a conformal map from 0, into D, which satisfies that, if z ^ J in 
0,, then W{z) — t- T. From Schwarz reflection principle, W extends conformally across J and 
maps J into T. Especially, W is analytic at zq. For any p,pi,P2 > 0, we have 

lim = \W'izo) '. (3.1) 

capA {W{H)) 

lim ^^--^ ,1'^ = \W'{zo)\'. (3.2) 
Here H ^ zq means that H is a nonempty hull in D w.r.t. 0, and diam(/7 U {zq}) — )• 0. 

Proof. (|3.ip is Lemma 2.1 in and (|3.2|) follows easily from (|3.ip . □ 

The idea of Loewner chain was introduced in [16j . A Loewner chain in a simply or doubly 
connected domain D is a family of hulls in D, say L{t), < t < T, where T G (0,oo], such 
that (i) L(0) = 0; (ii) L{ti) ^ L{t2) if ti < t2; and (iii) for any fixed to G [0,T) and any fixed 
compact set F C D \ L{to) with diam(i^) > 0, the extremal length (c.f. [2j) of the family of 
curves in D \ L{t) that disconnect L{t + e) \ L[t) from F tends to as e —t- 0^, uniformly in 
t G [0,to]- Moreover, if D is a simply connected domain, and each L{t) is a hull in D w.r.t. 
Zq G -D, then {L{t)) is called a Loewner chain in D w.r.t. zq; if is a doubly connected domain 
with a boundary component C, and each L{t) is a hull in D w.r.t. C, then {L{t)) is called a 
Loewner chain in D w.r.t. C. Using conformal invariance of extremal length, one can easily see 
that Loewner chains are preserved by conformal maps. 

Let D be the Riemann sphere C or a simply connected domain. An interior hull in is a 
compact subset of D, say H, such that diam(Z/) > and D \ H is connected. If D = C, then 
D\H is simply connected; if D is simply connected, then D\H is doubly connected, and dD 
is a boundary component of D\H. Let zq G D. An interior Loewner chain in D started from 
Zq is a family of interior hulls in D, say L(t), — oo < t < T, where T G (— oo,cxd], such that (i) 
^(^i) ^ L{t2) if ti < t2\ (ii) {^tL{t) = {zq}; and (iii) for any to e (-oo,r), L{tQ + t) \ L(to), 
< t < r — is a Loewner chain in D\ L(to). 

Here are two simple examples. If /3(t), < t < T, is a simple curve such that /3(0) G dD 
and /3(t) G D for t G (0,r), then K{t) := /3((0,t]), < t < T, is a Loewner chain in D. If /3(t), 
—oo < t < T, is a simple curve in D, then K{t) := /3([— oo,t]), — oo < t < T, is an interior 
Loewner chain in D started from /9(0). 

3.2 Radial Loewner equation 

For T G (0,oo] and ^ G C([0,T)), the radial Loewner equation driven by ^ is 

e«?(t) _|_ gtf z) 

dtg{t,z) = g{t,z)—^^^y—^^, g{0,z) = z. (3.3) 
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For < t < T, let K{t) be the set of z G D such that the solution g{s,z) blows up before or 
at time t. We call K(t) and g{t, •), < t < T, the radial Loewner hulls and maps, respectively, 
driven by The following proposition is the main theorem in |16|. 

Proposition 3.2 Suppose K{t) and g{t, ■), < t < T, are the radial Loewner hulls and maps, 
respectively, driven by ^ € C([0,T)). Then K{t), < t < T , is a Loewner chain in D w.r.t. 0. 
For every t G [0, T), g{t, •) maps D \ K(t) conformally onto D with g{t, 0) = and g'{t, 0) = e*, 
so capjj,.Q{K (t)) = t. Moreover, for every t G [0,T), 

{e^«W}= n 9it,K{t + e)\K{t)). 

ee{0,T-t) 



For ^ G C([0,T)), the covering radial Loewner equation driven by ^ is 

dtg{t, z) = cot2(5(t, z) - 5(0, z) = z. (3.4) 

For < t < T, let K{t) be the set of z G HI such that the solution ^(s, z) blows up before or 
at time t. We call K[t) and g{t,-), < t < T, the covering radial Loewner hulls and maps, 
respectively, driven by ^. And we have K{t) = (e*)~^(i^(t)) and e* o g{t,-) = g{t,-) o e* for 
< t < T. Throughout this paper, we will use tilde to denote the covering Loewner maps or 
hulls. 

Let K > 0. Then the radial Loewner hulls K{t), < t < oo, driven by ^(t) = y/RB{t), 
< t < oo, are called the standard radial SLE^ hulls. Let g{t, •) be the corresponding radial 
Loewner maps. From the existence of the chordal SLE^ trace ([18j) and the equivalence between 
chordal SLE^ and radial SLE^ ([13]) we know that almost surely 

m--= hm o(t,.)-^(^) 

exists for every < f < oo, and that /3(t), < t < oo, is a continuous curve in D started from 
^(0) = 1. Moreover, if «; G [0,4] then /3 is simple, lies in D for t > 0, and K{t) = /3((0,i]) for 
all i > 0; if K > 4 then (3 is not simple, and K{t) is the complement in D of the connected 
component of D \ /3((0, t]) that contains 0. Such (3 is called a standard radial SLE^ trace. It is 
believed that a.s. lim(_j.oo I3{t) = 0. 

The radial SLE in a general simply connected domain is defined by a conformal map. 
Suppose D \s a. simply connected domain, a is a boundary point or prime end, and b is an 
interior point. Then there is W that maps D conformally onto D with VF(1) = a and W^(0) = b. 
Let K{t) and /3(i), < t < oo, be the standard radial SLE^ hulls and trace. Then W{K{t)) 
and W{l3{t))^ < t < oo, are called the radial SLE^ hulls and trace in D from a to b. 

3.3 Whole-plane Loewner equation 

The whole-plane Loewner equation generates an interior Loewner chain in C started from 0. 
The following proposition is a special case of Proposition 4.21 in |10j . 
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Proposition 3.3 Suppose ^ G C((— oo,T)) for some T £ (—00,00]. Then there are an interior 
Loewner chain Kj{t), —00 < t < T, in C started from 0, and a family of maps gi{t, •), —00 < 
t < T, such that gi{t, •) maps C \ Kj{t) conformally onto C \ D, fixes 00, and satisfies \3.3^) for 
t £ (— oo,r) and the following initial value at —00: 

lim e*gi{t,z) = z, z £ C\ {0}. 

t— 00 

Moreover, for any t G (— oo,T), Kj{t) and gi{t,-) are determined by e*^*^**), —00 < s < t. We 
call Ki(t) and gi{t, ■), —00 < t < T, the whole-plane Loewner hulls and maps driven by ^. 

For K > 0, let ^(t) be a pre-(T; K)-Brownian motion. The whole-plane Loewner hulls, Kf(t), 
—00 < t < 00, driven by ^(t), are called the standard whole-plane SLE^ hulls. Let gi{t,-) be 
the corresponding whole-plane Loewner maps. Recall that gi{t, •) maps C \ Kj{t) conformally 
onto {l^l > 1}. It is known that a.s. 

I3l{t):= lim gj{t,-)-\z) (3.5) 

|^|>l,^-!>e<(*) 

exists for all t gM, that /3i{t), t G M, is a continuous curve in C, and that limi_j._oo /3/(i) = 0. 
Such /?/ is called the standard whole-plane SLE^ trace. If k < 4, /?/ is a simple curve, and 
Kf{t) = /?/([— 00, t]) for each t G M; if k > 4, /3/ is not simple, and C \ Kj(t) is the component 
of C \ /9/([— 00, t]) that contains 00. Whole-plane SLE is related to radial SLE in the way that, 
if r G M is fixed, then conditioned on Kj{t), —00 < t < T, the curve f3i(T + t), t > 0, is the 
radial SLE« trac^ in C \ Ki{T) from l3i{T) to 00. 

If zi ^ Z2 G C are given, we may choose W that maps C conformally itself with Ty(0) = zi 
and W{oo) = Z2- Then we define W{l3f{t)), t G M, to be the whole-plane SLE^ trace in C from 
any zi to Z2- The definition up to a time-change does not depend on the choice of W. 

In the above content, we use the subscript / to emphasize that the whole-plane interior 
Loewner chain grows from 0. We will need the following inverted whole-plane Loewner chain, 
which grows from 00. For —00 < t < T, let K(t) = Io{Kj{t)) and g{t,-) = Iq o gi{t,-) o Iq. 
Then K{t), —00 < t < T, is an interior Loewner chain in C started from 00. For each t, g{t, •) 
maps C \ K{t) conformally onto D and fixes 0. Moreover, g{t, •) satisfies ()3.3p with some initial 
value at —00. We call K{t) and g{t, •) the inverted whole-plane Loewner hulls and maps driven 
by From Proposition 13.21 and the relation between whole-plane Loewner equation and radial 
Loewner equation (c.f. [TO]), it is easy to derive the following proposition. 

Proposition 3.4 For any t e {- 00, T) and e £ {0,T-t), let Kt{e) = g{K{t + e)\K{t)). Then 
Kt{e) is a hull in D w.r.t. 0, and capi[j.o(i^t(e)) = e. Moreover, 

{e^«W}= Q g{t,K{t + e)\K{t)). 

ee(0,T-t) eG(0,T-t) 
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Let Kj{t) and gj{t, •), -oo < t < T, be as before. Let Ki{t) = {e^y^{Kj{t)), -oo <t <T. 
It is easy to see that there exists a unique family gi{t, •), — c« < t < T, such that, gi{t, •) maps 
C \ Ki{t) conformally onto — H, e* o gj{t, •) = gi(t, •) o e*, and gi satisfies (j3.4p for t S (—00, T) 
and the initial value at —00: 

lim {gj{t, z) — it) = z. 

t— 00 

Then we call Kj{t) and gi{t, •) the covering whole-plane Loewner hulls and maps driven by ^. 

For -00 < t < T, let K{t) = 7o(K/(t)) and g{t,-) = Iq ogi{t,-) o Iq. Then K{t) = 
(e*)-i(i^(t)) and e* o g{t, •) = g{t, •) o e\ We call and g{t, •) the inverted covering whole- 
plane Loewner hulls and maps driven by ^. Then for each t £ {—oo,T), g{t, •) maps C \ K(t) 
conformally onto H, and satisfies (j3.4p for t £ (—00, T) and the initial value at —00: 

lim {g{t, z) + it) = z. (3.6) 

00 

3.4 Annulus Loewner equation 

The annulus Loewner equation was introduced in [25]. Fix p G (0, 00). Let G C([0,T)) where 
< T < p. The annulus Loewner equation of modulus p driven by ^ is 

dtg{t,z)=g{t,z)S{p-t,g{t,z)/e'^^'^), g{Q,z) = z. (3.7) 

For < t < T, let K{t) denote the set of z G Ap such that the solution g(s, z) blows up before 
or at time t. We call K{t) and g{t, ■), < t < T, the annulus Loewner hulls and maps of 
modulus p driven by ^. The following proposition is Proposition 2.1 in [25]. 

Proposition 3.5 (i) Suppose K{t) and g{t, ■), < t < T, are the annulus Loewner hulls and 
maps of modulus p driven by £ C([0,T)). Then K{t), < t < T, is a Loewner chain in Ap 
w.r.t. Tp. For every t G [0, T), g{t, ■) maps Ap \ K{t) conformally onto Ap^t ^nd maps Tp onto 
Tp-t, so cap^^{K{t)) = t. Moreover, we have 

{e^«W}= fl g{t,K{t + e)\K{t)), t£[f),T). 

e£(0,T-t) 

(a) Let K{t), < t < T, be a Loewner chain in Ap w.r.t. Tp. Let v{t) = cap^^{K{t)), 
< t < T . Then v is a continuous increasing function that maps [0,T) onto [0,S) for some 
S G {0,p]. Let L(s) = K(v~^{s)), < s < S. Then L{s), < s < 5, are the annulus Loewner 
hulls of modulus p driven by some Q G C([0, S)). 

Let t G [0, T) and e G [0,T — e). Let gt^e = g{i + ° Q^t, •)^^ ■ Then gt^e maps Ap^t \ 
g{t, K{t + e)\K{t)) conformally onto Ap_t_^ and maps Tp^t onto Tp_f_j, so g{t, K{t + e)\K{t)) 
is a hull in Ap„j w.r.t. Tp_t, and 

capA,_, i9{t, K{t + e) \ K{t))) = e. (3.8) 
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The covering annulus Loewner equation of modulus p driven by the above ^ is 

dtg{t,z)=U{p-t,g{t,z)-i{t)), g{0,z)=z. (3.9) 

For < t < T, let K{t) denote the set of z £ E>p such that the solution g{s, z) blows up before 
or at time t. Then for < t < T, 'g{t, •) maps Sp \ K{t) conformally onto Sp_t and maps Mp 
onto Mp_f. We call K{t) and •), < i < T, the covering annulus Loewner hulls and maps 
of modulus p driven by ^. Let K{t) and •) be the notations appeared above. Then we have 
K{t) = (e*)-Hi^(t)) and o g{t, ■) = g{t, •) o e* for < t < T. 

Note that if p = oo in (j3.7p and (j3.9p . then we get (j3.3p and (j3.4p . So we may view the 
radial Loewner equation as a limit of annulus Loewner equations. 

Let Ki{t) = Ip{K{t)), gi{t, •) = Ip^t « 9{t, •) o 1^, Kj{t, ) = Ip{K{t)), and gj{t, •) = Ip^t « 
g{t,-) o Ip. Then Ki{t) is a hull in Ap w.r.t. T, and cap4^(K/(t)) = t; and gi{t,-) maps 
Ap\Kj{t) conformally onto Ap_( and maps T onto T. Moreover, Kj{t) = (e^)~^{Kj{t)), gj{t, •) 
maps Sp \ Ki{t) conformally onto Sp_t, maps M onto M, satisfies e* o gi{t, •) = g/(t, •) o e*, and 
the equation 

dtgi{t.z) = ^i{p-t,gi(t,z)-i{t)), g{Q,z)=z. (3.10) 

We call Kj(t) and g/(i, •) (resp. Kj{t) and g/(t, •)) the inverted annulus (resp. inverted covering 
annulus) Loewner hulls and maps of modulus p driven by 

From dSZl), we see that if S C([0,r)) satisfies e'«o(*) = e^«(*) for < t < T, then the 
annulus Loewner maps and hulls of modulus p driven by agree with those driven by ^. This 
is also true for the covering annulus Loewner maps and hulls because the H in (j3.9p has period 
2tt. Similar results hold true for inverted and inverted covering annulus Loewner objects. 

For K > 0, the annulus Loewner hulls K(t), < t < p, of modulus p driven by ^(t) = y/K,B{t), 
< t < p, are called the standard annulus SLE^^ hulls of modulus p. Let g(t, •) be the 
corresponding annulus Loewner maps. It is known (c.f. [25j) that the standard annulus SLE^ 
process is locally equivalent to the standard radial SLE^ process. So a.s. 

(3{t):= lim g{t,-rHz) (3.11) 

exists for < t < p, and /3{t), < t < p, is a continuous curve in Ap U T. If k < 4, /3 is a simple 
curve and intersects T only at /3(0) = e*(^(0)), and K{t) = (3{{0,t]) for < t < p. If k > 4, 
P is not simple, and for any < t < p, Ap \ K{t) is the connected component of Ap \ /3((0, t]) 
that contains a neighborhood of Tp in Ap. We call such /3 the standard annulus SLE^ trace of 
modulus p. If £,{t), < t < T, is a semi-martingale with (^)j = nt, then from Girsanov theorem, 
the (3{t), <t <T, defined by (|3.1ip a.s. exists and is a continuous curve in ApUT. It has the 
same property as the standard annulus SLE^ trace of modulus p described above and is called 
the annulus Loewner trace of modulus p driven by ^. Suppose g{t, •) and K{t), < t < T, are 
the covering annulus Loewner maps and hulls of modulus p driven by ^. Then a.s. 

m-= lim m,-rHz) (3.12) 
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exists for < t < p, and f3{t), < t < T, is a continuous curve in SpUM started from /3(0) = ^(0). 
And for any < t < p, Ep \ K{t) is the connected component of Ep \ (Umez 2m7r + /3((0,t])) 
that contains a neighborhood of Mp in Sp. If k G (0,4], /3 is a simple curve and intersects M 
only at /3(0) = ^(0), and K{t) is the disjoint union of 2nnr + /3((0, t]), m £ Z, for any t £ [0, T). 
Such P is called the covering annulus Loewner trace of modulus p driven by ^. And we have 

m = e'm)), o<t<T 

3.5 Disc Loewner equation 

The disc Loewner equation generates an interior Loewner chain in the unit disc D started from 
0. The following proposition is a slight modification of Proposition 4.1 and 4.2 in [25j. 

Proposition 3.6 (i) Let ^ £ C{{—oo,T)) for some T G (— oo,0]. Then there are an interior 
Loewner chain Kj(t), — oo < t < T, inO started from 0, and a family of maps gi{t, ■), — oo < 
t < T, — oo < t < T, such that, mod(D \ K{t)) = —t, gi{t, •) maps D \ K(t) conformally onto 
Pk-t, maps T onto T, and satisfies: 

dtgiit,z)=gi{t,z)Si{-t,gi{t,z)/e'^^'^), -oo < t < T; (3.13) 

lim gi{t,z) = z, Vz € 1\ {0}. 

Moreover, for any t G (— oo,T), Kj{t) and gi{t,-) are determined by e*^*^**-*, — oo < s < t. We 
call Kj{t) and gi{t, ■), — oo < t <T, the disc Loewner hulls and maps driven by ^. 

(a) Suppose Ki{t), —oo < t < T, is an interior Loewner chain in D started from 0. Let 
v{t) = — mod(D \ K(t)). Then v is continuous and increasing on {—oo,T) and maps {—oo,T) 
onto (—00,5') for some S G (— oo,0]. Let Lf{s) = Kj{v^^{s)), —oo < s < S. Then Lf{s), 
—oo < s < S, are the disc Loewner hulls driven by some C G C((— 00,6")). 

Here we also use the subscript I to emphasize that a disc interior Loewner chain grows 
from 0. We will need the following inverted disc Loewner chain, which grows from 00. For 
-00 < t < T, let K{t) = Lo{Ki(t)) and g{t, •) = L_t o g{t, •) o Iq. Then K{t), -00 < t < T, 
is an interior Loewner chain in C \ D started from 00. For each t, g{t,-) maps C\0\ K{t) 
conformally onto and maps T onto T_t. Moreover, g{t, •) satisfies (j3.13p with S/ replaced 
by S. We call K{t) and g{t, •), —00 < t < T, the inverted disc Loewner hulls and maps driven 
by 1^. It is easy to derive the following proposition. 

Proposition 3.7 For any t G (-00, T) and e G (0,r - t), let Kt{e) = g{t,K{t + e) \ K{t)). 
Then Kt{e) is a hull in A^t w.r.t. T_(, and capj^_^ (i^t(e)) = e. Moreover, 

{e^«W}= Q g{t,K{t + e)\K{t)). 

ee(0,T-t) ee(0,T-t) 
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The covering disc Loewner hulls and maps are defined as follows. Let Kj{t) = (e*)^^(i^/(t)), 
—oo < t < T. Suppose gi{t, •), -co < t < T, satisfy that, gi{t, •) maps H \ Kj{t) conformally 
onto S_t and maps M onto M, e* o gj{t, •) = gi{t, •) o e*, and the following hold: 

dtgi{t,z) = ili{-t,gi{t,z)-my, (3.14) 
lim gj{t,z) = z. (3.15) 

t— >— oo 

Such family of gi{t, •) exists and is unique. This follows from the same argument used to 
show the existence and uniqueness of the covering whole-plane Loewner maps. Moreover, we 
see that for any t E (— oo,T), gi{t,-) is determined by e*^^'^^ — oo < s < t. We call Kj{t) 
and gi{t, ■) the covering disc Loewner hulls and maps driven by ^. Let K{t) = lQ{Ki{t)) and 
g{t, •) = I-t ° giit, ■) o /q. Then g{t, ■) maps — IHI \ K{t) conformally onto S-t, maps M onto M_i, 
e* o g(t, •) = g{t, •) o e*, and satisfies 

dtW, = H(-t, g{t, z) - m)- (3-16) 
We call K{t) and 'g{t) the inverted covering disc Loewner hulls and maps driven by ^. 



3.6 Rescaled covering annulus Loewner equation 

Fix T € (0,oo], ^ G C([0, T)), and p G (0, oo). Consider the following differential equation: 

dtg{t,z) = YL{p + t,g{t,z)-£,{t)), g{{),z) = z. 

For each t G [0,T), let K{t) denote the set of z G Sjr such that the solution 'g{s,z) blows up 
before or at time t. Then for each t, K{t) has period 2(p + t), g{t, •) maps S-,^\K{t) conformally 
onto and maps onto -R^. Such g{t, ■) and K{t), < t < T, are called the rescaled covering 
annulus Loewner maps and hulls of modulus p driven by ^. 

The relation between the rescaled covering annulus Loewner equation and the covering 
annulus Loewner equation is as follows. Suppose now g{t,-) and K{t), < t < T, are the 
covering annulus Loewner maps and hulls of modulus p G (0, oo) driven by ^ G C([0,p)). Let 
p = 7rVj5 G (0,oo) and f = 7rV(p-r) - p G (0,oo]. For < t < f , let 

P + t ^( TT^ \ /■* 1 / TT^ 



g{t,z) = '^-^~g(p-S-J-^ - I --dv-SrAds, (3.18) 



TT V p + t TT J Jo ^ P + S 

K{t) = ^.k(p-^). (3.19) 

p \ p + t/ 

Then K{0) = and ^(0, •) = id; each K{t) is a subset of S,r with period 2{p + t); and each g{t, •) 
maps \ K{t) conformally onto 8,^ and maps onto Mj^. From (|2.10p and ()3.9p . we have 

dtg{t, z) = U{p + t, g{t, z) - m), 0<t<f. 
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Thus, g{t, ■) and K{t), < t < T, are the rescaled covering annulus Loewner maps and hulls of 
modulus p driven by ^. 

Let p £ (0, cxd) and T £ (0, oo]. Suppose ^(t), < t < T, is a semi-martingale with (0^ = nt. 
Let g{t, •) and K(t), < t < T, be the rescaled covering annulus Loewner maps and hulls of 
modulus p driven by ^. Let p = vr^/p G (0, oo) and T = p — vr^/ (p + T) G {0,p]. Let 

at) = p-zl.i(J!L-js)+ ri. f -aW o<t<T^ 

vr \p — t J Jo ^ \p — s J 

Then ^(t), < t < T, is also a semi-martingale with = kI. Let ^(t, •) and K{t), < t < T, 
be the covering annulus Loewner maps and hulls of modulus p driven by ^. The /3 defined by 
(j3.12p a.s. exists and is a continuous curve in Sp UM. It is straightforward to check that p.l7p . 
(I3T8]1 . and (IXTOD hold for < t < f. So a.s. < t < f, is weU defined by 

P{t):= hm^ (3.20) 

and we have 

2 

At) = -Hp-^), 0<t<f. (3.21) 
p V p + 1/ 

From the property of /3, we see that /3 is a continuous curve in S^^ U M, and for every t G [0, T), 
STt\K{t) is the connected component of S^\(|J^g2 2mr+f3{{0, t])) that contains a neighborhood 
of M^. If K G (0,4] then /3 is a simple curve and intersects M only at /3(0) = ^(0), and for any 
< t < r, K{t) is the disjoint union of /3((0, t]) + 2mp, m £ Z. Such /3 is called the rescaled 
covering annulus Loewner trace of modulus p driven by 



3.7 Strip Loewner equation 

Let ^ G C([0, T)) for some T G (0, oo]. The dipolar or strip Loewner equation (c.f. [4] p4]) 
driven by ^ is 

dtg{t, z) = coth2(c/(t, z) - ^(t)), g(0, z) = z. 

Note that this equation can be viewed as the rescaled annulus Loewner equation with the 
modulus p = oo. For < t < T, let K{t) be the set of z G Sjr such that the solution g{s,z) 
blows up before or at time t. Then g{t, •) maps 8,^ \ K{t) conformally onto Sj^, maps onto 
itself, and fixes -|-oo and — oo. We call K{t) and g{t, ■), < t < p, the strip Loewner hulls and 
maps driven by 

Let K > 0. If (,{t), < t < T, is a local martingale with {^)t = nt, then a.s. 

/3(t):= hm g{t,-)-\m) (3-22) 

exists for < t < T, and /? is a continuous curve in U M started from ^(0). For every 
< t < T, \ K{t) is the unbounded connected component of \ /5((0, t]). Such (3 is called 
the strip Loewner trace driven by ^. 
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4 SLE with Marked Points 



4.1 Annulus SLE processes with one marked point 

Definition 4.1 A covering crossing annulus drift function is a real valued C^'^ differentiable 
function defined on (0, oo) x M. A covering chordal-type annulus drift function is a real valued 
C^'^ differentiable function defined on (0,oo) x (M \ {2n-K : n G N}). Suppose A is a covering 
crossing or covering chordal-type annulus drift function. Let Ai{p,x) = —A{p,—x), then A/ is 
called the dual function of A. If A has period 2it, then we may omit the word "covering", and 
call it a crossing or chordal-type annulus drift function. 

Definition 4.2 Suppose A is a covering crossing annulus drift function. Let k > 0, p > 0, and 

XQ,yQ G M. Let ^{t), <t < p, be the maximal solution to the SDE 

dC{t) = ^/l^dB{t) + A{p-t,^{t) -Regit, yo+pi))dt, ^(0) = xq, (4.1) 

where g{t, ■), < t < p, are the covering annulus Loewner maps of modulus p driven by S,. Then 
the family of the covering annulus Loewner hulls of modulus p driven by ^ is called the covering 
(crossing) annulus SLE{k,A) process in Sp started from xq with marked point yo +pi- 

Definition 4.3 Suppose A is a crossing annulus drift function. Let k>0, p>0, a£T and 
b G Tp. Choose xo,yo G M such that a = e*^" and b = e'P^'yo . Let ^{t), < t < p, be the 
maximal solution to ( [^.ip . The family of annulus Loewner hulls K{t), < t < p, driven by 
Cit)) < t < p, is called the (crossing) annulus SLE{k,A) process in Ap started from a with 
marked point b. IfT<pisa stopping time, then the process K{t), <t < T, is called a partial 
annulus SLE{n, A) process. 

The above definition does not depend on the choices of xq and yo because A has period 2tt, 
and for any n G Z, the annulus Loewner objects driven by ^(t) + 2mr agree with those driven 

by m- 

Let K > 0. Since ^ is a semi-martingale and {(,)t = nt, the /3{t), < t < T, defined by (j3.12p 
a.s. exists and is a continuous curve in Sp U M, and the < t < T, defined by (j3.1ip a.s. 
exists and is a continuous curve in Ap U T. Such /3 and f3 are called the corresponding annulus 
and covering annulus SLE(k, A) trace. 

If A is a chordal-type annulus drift function, using the same idea, we may define the annulus 
SLE(k, A) processes, where the initial point a = e^^" and marked point b = e*^° both lie on T 
and are distinct, so yo ^ \ {^^o + ^nvr : n G Z}. The driving function is the solution to (14. ip 
with Reg{t, yo + pi) replaced by g{t, yo). 

Via conformal maps, we can then define annulus SLE(k, A) process and trace in any doubly 
connected domain started from one boundary point with another boundary point being marked. 
Here A is a chordal-type or crossing annulus drift function depending on whether or not the 
initial point and the marked point lie on the same boundary component. One can easily check 
that, if is a conjugate conformal map of Ap, and A/ is the dual function of A, then {W{K(t))) 
is an annulus SLE(k, A/) process in W{Ap) started from W{a) with marked point W{b). 
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4.2 Disc SLE processes with one marked point 



Definition 4.4 Let k > 0, 6 G T, and A be a crossing annulus drift function. Choose yo G M. 

(k) 

such that e'yo = b. Let Br'it), t e R, be a pre-{T; K)-Brownian motion. Suppose ^{t), —oo < 
t < 0, satisfies the following SDE with the meaning in Definition \2.2[ ' 

d^{t) = dBi^\t) + A{-t,^{t) -gi{t,yo))dt, -oo < t < 0, 

where gi{t, •) are the disc Loewner maps driven by ^. Then we call the family of disc Loewner 
hulls Ki{t), —oo < t < 0, driven by ^ the disc SLE{k,A) process in D started from with 
marked point b. 

The disc SLE(k, A) process is related to the annulus SLE(k, A) process as follows. Fix 
to S (— oo, 0). Conditioned on Kj{t), — oo < t <to, the family I^to ° diitoi Kj{tQ + t)\ Kj{tQ)), 
< t < —to, is an annulus SLE(k, A) process in A-^,, started from e*^^*"^ G T with marked 
point I-to{9l{to,b)) G T^to- 

For K > 0, from the existence of annulus SLE(k;, A) trace, it is easy to see that a.s. 

I3j{t):= ]im gj{t,.r\^) 

A_t92-s>e*+»«(*) 

exists for every t £ (— oo,0), and that (3i{t), — oo < t < 0, is a continuous curve in D with 
limf_!._oo /3/(t) = 0. Moreover, if k G (0,4] then /3/ is simple, and Kj{t) = /?/([— oo,t]) for all 
t < 0; if K > 4 then /?/ is not simple, and Kj(t) is the complement in D of the connected 
component of D \ /3/([— oo,t]) that contains a neighborhood of T. Such /?/ is called a disc 
SLE(k, A) trace in D started from with marked point b. 

Via conformal maps, we can define SLE(fi;, A) process in any simply connected domain 
started from an interior point with a marked boundary point. 



5 Coupling of Two Annulus SLE Processes 

In this section, we will prove the following theorem. Recall that Ip{z) = e~^/z. 

Theorem 5.1 Let k > 0. Suppose A is a C^'^ differentiate crossing annulus drift function 
that solves ^1.1\) . Let Ai = A and A2 be the dual function of A. Then for any p > 0, ai, 02 G T, 
there is a coupling of two processes: Ki{t), < t < p, and K2{t), < t < p, such that for 
j ^ k £ {1, 2}, the following hold. 

(i) Kj{t), < t < p, is an annulus SLE{k,, Aj) process in Ap started from aj with marked 
point ai^k ■= Ip{ak)- 

(a) If tk < p is a stopping time w.r.t. {Kk{t)), then conditioned on Kk{t), < t < t^, after 
a time-change, <7/,A;(ifc) -^j(i)); < t < Tj{tk), is an annulus SLE{k, Aj) process in Ap_tj, 
started from gi^kitk^o-j) G "T with marked point Ip^tki^^i^kitk))) G I'p-tfej where is the 
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driving function for {Kk{t)), gi.k{t, ■) , < t < p, are the inverted annulus Loewner maps 
driven by ^k, and Tj{tk) is the maximal number in {0,p] such that Kj{t) n Ip{Kk{tk)) = 
/orO < t < Tj{tk). 

5.1 Transformations of PDE 

We will postpone the proof of the case k = to Section 15.61 From now on till the end of Section 
15.51 we always assume that k > 0. 

Lemma 5.1 (i) Suppose A solves Then there is a positive C^'^ differentiable function 

r defined on (0, oo) x M such that 

A = K^, (5.1) 

5,r = ^r" + H,r' + (^-i)H',r. (5.2) 

(a) IfT is positive and satisfies i5.2\) . then the A defined by i5.1\) solves 

Proof, (i) Define F on (0,oo) x M by T{t,x) = exp(/(f ^A{t,y)dy). Then we have ([SI]). So 
dtA = k{^)'. From (fTT]) we have 

.(fE)'.|.»,(3_|)H';.,AH,y.(^. 

So for each t G (0, oo) there is C{t) G M such that 

K . ^ = |a' + HM + (3 - f ) + ^ + C{t). 

We see that C{t) is continuous. Since A = k^, A' = — '^^(7^)^- From the above formula, 
we have 

dtv = Jr" + H/P' + (- - ^) H',r + -c{t)r. (5.3) 

Now we replace T{t, x) with T(t, x)exp{-fl iC(s)ds). Then ([53]) and 1^ both hold, 
(ii) This statement is obvious from the computation in (i). □ 

Remark. From the proof of this lemma, we see that if F is a positive or negative solution to 
(j5.3|) . then A defined by (|5.ip solves (jl.ip . There is a similar result for ()1.2p . If k > 0, and F is 
a positive or negative solution to 

dtT = ^F" + HF' + (- - J) H'F + C(t)F (5.4) 

on (0, oo) X (M \ {2n7r : n G Z}), then the A defined by ()5.ip solves ()1.2p . On the other hand, if 
A solves (jl.2p then there is a positive solution F to (15. 4p with C(t) = such that (15. ip holds. 
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Lemma 5.2 Let a, s G M. Suppose T, Ts, , and '^s o,re functions defined on (0,C!o) x M, 

2 2_ 

which satisfy ^ = TQf , ^ ^ = TgQf , and 

Ts{t, x) = e"^~^r(t, x). (5.5) 
Then the following PDEs are equivalent: 

dtV = Jr" + H,r' + (a - i + i) H',r; (5.6) 



2 V K 2 

dt-^ = ^^r" + ctH;^'; (5.7) 
dt^s = I'^l + s^'. + ^^H;^',. (5.8) 

Proof. This follows from ()2.6p . (12. Sh . and some straightforward computations. □ 
Remark. When o" = - — 1, (15.61) agrees with (15.21). 



Lemma 5.3 Let c, s € M. Suppose ^ ^ is positive, has period 2tt, and solves \5.^) in (0, oo) xM. 
Then ^'^(t, x) ^ C as t ^ oo for some constant C > 0, uniformly in x £M. 

Proof. Fix to> and G M. For < t < to, let X^„(t) = xq + y/KB{t) + st and 

M(t) = ^'.(to - t, ^xo(i)) exp (a ^ H'j(to - r, X^„(r))(ir) . 

From (j5.8p and Ito's formula, M(f), < t < toi is a local martingale. Since s and 
are continuous on (0,oo) x M and have period 27r, we see that, for any ti G (Ojto], M{t), 
< t < to — ti, is uniformly bounded, so it is a bounded martingale. Thus, 

^s{to,xo) = M(0) = E \^^s(ti,X^^{to - ti))exp (a J J ' U'j{to - r, (s))dr)] . (5.9) 
Now suppose to > ti > 3. From Lemma |2.H we see that, 

/ " ' |H;(to - r,X^o{s))\dr < / " ' 15e'-*odr < 15e"*i. (5.10) 
Jo Jo 

Let e > 0. Choose ti > 3 such that 15ae~*'^ < e/3. For t £ [ti,oo) and x G M, define 

^sfyit^x) = E[^s{h,X^{t-ti))]. 

As t — )• oo, the distribution of e^{Xx{t — ti)) tends to the uniform distribution on T. Since ^'^ 
is positive, continuous, and has period 2tt, we see that ^s,ti{t,x) — )■ ^ J^^ ^s{ti,x)dx > as 
t — >• oo, uniformly in x G M. Thus, limt__5.oo lii(^'s,ti ) converges uniformly in x G M. So there 
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is t2 > ti such that if ta,tb > ^2 and Xa,Xb G M, then | ln(\L't^ (ta, Xa)) — ln(^'t^ (t^, < e/3. 
From ()5.9p and ()5.10p we see that 

|ln(^'s(t,x)) - ln{^s,hit,x))\ < 15cre"*i < e/3, t > ti, x G M. 

Thus, I ln(^'s(t„,Xa)) - ln(^'^(4,a;b))| < e if > ^2 and Xa,Xi, G M. So hmt^oo lull's) 

converges uniformly in x G M, which imphes the conclusion of the lemma. □ 

Definition 5.1 Suppose A solves and has period 2it. For t > and x G M, let 

Sa = ^ A{t,y)dy. (5.11) 



Since A has period 2tt, S\ does not depend on x. From we see that 

because A and H/ both have period 27r. Thus, S\ is a constant depending only on A. We call 
S\ the average shift of A. 

Lemma 5.4 Suppose A is a crossing annulus drift function that solves and its average 

shift is Sa = s. Then there is a positive C^'^ differentiable function T defined on (0, oo) x M 
such that ( 15. i|) and ^5.2\) both hold, and the Tg defined by i5. 5|) has period 27r and satisfies 

lim Ts{t,x) = 1, uniformly in x G M. (5.12) 



Proof. From Lemma l5. II we can find a positive C^'^ differentiable function F such that ()5.ip 
and ()5.2p both hold. From (j5.1ip and (|5.ip . we see that the F^ defined by (j5.5p has period 2tt. 

2 

Let = FgQj?. From Lemma 15.21 ^'^ solves (j5.8p with ex = ^ — 1. Since F^ and Qj both 
have period 2it, '^g also has period 2tt. From Lemma 15.31 there is C > such that ^'s — t- C as 
t — 7- oo, uniformly in x G M. From ()2.7p . 0/ — >• 1 as t — )• oo, uniformly in x G M. Thus, F^ — ?• C 
as t — )• oo, uniformly in x G M. If C = 1, we get (I5.12P : otherwise, we replace F and F^ with 
F/C and F^/C, respectively. Then ()5.12p should hold. □ 



5.2 Ensemble 

Let p> and ^1,^2 G C([0,p)). For j = 1,2, let Kj{t) and gj{t,-) (resp. Kfj{t) and gjj{t,-)), 
< t < p, be the annulus (resp. inverted annulus ) Loewner hulls and maps of modulus p driven 
by ^j. Let Kj(t,-), Kjj{t,-), gj{t,-), and gjj{t,-), < t < p, j = 1,2, he the corresponding 
covering Loewner hulls and maps. Then Kij{t) = Ip{Kj{t)), j = 1,2. Define 

V = {(ti,t2) : Ki{ti)nKj4t2) = 0} = {(ti,t2) : i^/,i(ti) n 7^2(^2) = 0}- (5.13) 
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For (ti, G Ap \ Ki{ti) \ ^^7,2(^2) and Ap \ Kj^i{ti) \ i^2(i2) are doubly connected domains 
that have the same modulus, so we may define 

m{h,t2) = mod{Ap\Ki{ti)\Kj^2it2)) = mod{Ap\Kj^i{ti)\K2{t2)). (5.14) 

Fix any j £ {1,2} and tk G [0,p). Let Tj{tk) = sup{tj : Kj{tj) n Ki^k{tk) = 0}. Then for 
any tj < Tj{tk), we have (ti,t2) S Moreover, as — )• Tj{tk), the spherical distance between 
Kj{tj) and Kj^kitk) tends to 0, so m(ti,t2) — 0. 

From Proposition 13.51 ^ji'^j): < tj < p, is a Loewner chain in Ap w.r.t. Tp. For < 
tj < Tj{tk), Kj{tj) lies in Ap \ Kj kitk), so Kj{tj), < tj < Tj{tk), is also a Loewner chain in 
Ap \ Ki^k{tk)- Since gi^ki^k, •) maps Ap \ Kj^k{tk) conformally onto Ap-t^. and maps T onto T, 
from conformal invariance of extremal length, Kj^t^i'tj) ■= 9i,k{'tk^Kj{tj)), <tj < Tj{tk), is a 
Loewner chain in Ap_t^ w.r.t. Tp^t^- Now we apply Proposition 13.51 Let 

'^j,tkih) = caPAj,_,J^i,tfc(*j)) = p - tfc - mod(Ap_t^, \ gj^kitk, Kj{tj))) 

= p-tk~ mod(Ap \ Ki^kitk) \ Kj{tj)) = p - tk ~ ni{ti,t2). (5.15) 

Here the third "=" holds because gi.kitk-, ■) maps Ap\Ki,k{tk)\Kj{tj) conformally onto Ap^tk \ 
9l,k{'tkT Kj{tj)). Then Vj^^i^ is continuous and increasing and maps [0,Tj(tk)) onto [0,Sj^tk) 
some Sj^tk e {0,p - tk]. Since m ^ as tj ^ Tj{tk), Sj^tk = P - tk- Then Lj^tkit) := 
Kj t^ {v~l^ (t))), < t < p — tk, are the annulus Loewner hulls of modulus p — tk driven by some 
Cj.tfe G C([0,p — tk))- Let Lij^t^it) be the corresponding inverted annulus Loewner hulls. Let 
hj^t^.{t, ■) and hjj^tki'ti be the corresponding annulus and inverted annulus Loewner maps. Let 
Lj^t^{t), Ljj^tkit), hj^tkit, •), and hij^tkit, ■) be the corresponding covering hulls and maps 

For < tj^< Tj{tk), let Cj,t,(tj), Kij^t^{tj), gj,tk{tj.-). 9i,j,t^{tjr), Kj^t^{tj), kij^t^{tj), 
9j,tkitj, ■),and gi,j,tk{tj, O^be the time-change of Cj,tk{t), Lij^tkit), hj,tki't^ •)> hi,j,tki't, ■), Lj^t^it), 
L/j_t^(t), hj^t^it.,-), and hj^j^t^it .,■)., respectively, via the map Vj,t^. For example, this means 
that ij^t^itj) = Cj,tk{vj,tt,{tj)) and gj,tk{tj, ■) = hj^t^ivj^t^itj), ■). 

From (|3.8p . for < tj < p and e G {0,p — tj), gj{tj,Kj{tj + e) \ Kj{tj)) is a hull in Ap„t^ 
w.r.t. Tp_t^, and 

capAp.t^, {9j{tj,Kj{tj + e)\ Kj{tj))) = e. (5.16) 
From Proposition 13.51 we have 

{e^«.(*.)} = Q 5,(t,,K,.(i,. + e)\K,(t,.)). (5.17) 

£>0 

From daSI) and (I5T3D . for Q<tj< Tj{tk) and e G (0,Tj(tfc) - tj), 

9j,t,{tj^Kj,tk(.tj + ^)\ Kj,t,{tj)) = hj,td'^j,t,,Lj^tdvj^t,{h + ^))\ I^j,tdvj,tkih))) 
is a hull in Ap_j^_„^, ^ j^) = Ajn(ti,t2) w.r.t. Ti„(ti,t2), and 

caPA„(5j,tfe(*i>^i,tfc(*i + ^) \ Kj,tkih))) = ^j,tkih + ^) - ^j,tfe(*j)- (5-18) 
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From Proposition 13.51 we see that 

{e^?..*.fe)}= Pi g,,t^{t„K,,t^{t,+e)\Kj,tJtj)). (5.19) 

ee{0,T,{tk)-tj) 

For 0<tj < Tj{tk), let 

Gi,k,tdh^ •) = 9j,tk{tj, •) o gi^k{tk, •) o ^^(ii, O'S (5-20) 

Gi,k,tk{tj^-) =9j,tk{tj^-)°9i,k{^k,-)°9j{tj,-)~^- (5.21) 
Then Gj^k,tk{tj,-) niaps Ap_f^. \ gj{tj, Kf^k{tk)) conformally onto A^i^tify) ^^"^ maps T onto T; 

e* o Gi^k,tkitj,-) = Gi^k,tkiijr) ° e*; and Gi^k,tki'tj,-) maps M onto M. For any tj G [0,Tj{tk)) 
and e G (0,Tj(tfc) — tj), we have 

G/,fc,t,(t„5i(ti,^^,(ti + £) \ K.itj))) = gj,tdtj,Kj,t,itj + e) \ Kj^t.ih)). (5-22) 

From dsn]), dSH]), and ([Hip), we have e^«^>*fe(*j) = G/,fc,t,(tj, e^«^(*^)) = o G/,fc,t,(tj,Cj(tj)). 
So there is n G Z such that Gj^i:,t^.i'tj,Cj{'tj)) = Ci,ifc(tj) + 2n7r for < t j < p. Since Cj,tfc + 2n7r 
generates the same annulus Loewner huhs as Cj.tfc) we may choose (^j^jj. such that for < tj < 

^j,tdh) = Gi,k,t,ih,^,{t,)). (5.23) 
From (|5.16|) . (|5.18|) . and Proposition 13. 1[ we conclude that, for < tj < Tj{tk), 

v'j,t,itj) = \G'j,k,t,itj,^jitj))\' = G'j^,^^^{t„C,itj)f, (5.24) 
so from (|5.15p we have 

d,m{ti,t2) = -G'j^,^,^{t„^,{t,)f. (5.25) 
Since gj{t, •) are the covering annulus Loewner maps of modulus p driven by ^, it satisfies 

dtgj{tj,z) = U{p - tj,gj{t, z) - ij{tj)). (5.26) 

Since gj,tki'tj^ ") = ^i,ifc(^j,tfe(^j)' ^j,tk{ti ■) are the covering annulus Loewner maps of modulus 
p — tk driven by Cj,tfc) and £,j,t^{tj) = Cj,tki''^j,tki'tj))i from (|5.15|) and (j5.24p . we conclude that, 
for 0<tj < Tj{tk), 

dtgj,t,{t,,z) = G'j^k^t^itj,^j{t,)fllimiti,t2),gj,t,itj,z) - ij,t,{h))- (5-27) 
Similarly, we conclude that, for < t j < Tj{tk), 

dtgi,j,t,{tj,z) = G'j^k^t^{tj,^jit,)fUjim{tut2),gi,j,t,itj,z) - ij,t,{h))- (5-28) 
Prom (|5.2ip we see that, for any z G Sp \ Kj{tj) \ Ki^k{ti), we have 

Gi,k,tt,{tj,-) °9j{tj,z) =gj,tk{ij,-)°9i,k{^k,z)- (5.29) 
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Differentiate ([QO]) w.r.t. tj. Prom ([OH]) . (fOGl) . and ([QT]) . we get 

dtGi^k,t,{tj,gj{tj, z)) + G'j^k^^{tj,gj{tj, z))Yl{p - tj,gj{tj, z) - Cj{tj)) 

Since gj{tj, •) maps Sp\Kj{tj)\Kj^k{tk) conformally onto Sp_tj \gj(tj, Kf^k{tk)), from tlie above 
formula, we see that, for any w G Sp-tj \gj{tj,Kj^kitk)), 

- G'j^,^t^{tj,w)U{p - t„w- (5.30) 

Since Sp-tj \ gj{tj,Kj k{'tk)) contains a neighborhood of M in H, we may let w — >• ij{tj) in 
Sp.t,\gj{tj,Ki^kitk)) in dOQl). FVom (gS]), we get 

5tG,,fc,t,(t„C,(ti)) = -3G';,fc,i,(ti,Ci(t,)). (5.31) 
Differentiate (j5.30p w.r.t. w. Then we have 

dtG'j^k,t^itj,w) = G\^,^t^{tj,ij{tj)fG\^k,tS'^j^w)n'{m,Gi^k,t,,{tj,w) - Gi^k,tk{tj,ij{tj))) 

-G7,fc,j,(ti, w)H(p -tj,w- ijitj)) - G'j^i, t^{tj,w)W{p - tj,w - Cjitj))- 
In the above formula, let w — >• Cj(^i) in Sp-tj \ gj{tj, Kj^kiik))- From ()2.3p . we have 

G'i,k,tSh,^,{h)) 2 ■ VG',,_,^(t„0(t,))^ 3 ■ G',^,,^{t„^,{t,)) 

+ G^,fc,i,(t„ e,(t,))'r(m) - r(p - t,). (5.32) 

Remark. The formulas that are similar to (|5.23p . (|5.24p . and (j5.3ip first appeared in [12J, 
which were used to show that SLEg satisfies locality property. The formula that is similar to 
()5.32p first appeared in [U], which was used to show that SLEg/3 satisfies restriction property. 

From the definition of inverted annulus Loewner maps, we see that hj^k,tj{t^ ") maps Ap^tj \ 
Li,k,tj{t) conformally onto Ap_tj-t and maps T onto T. Since gi,k,tj{tk, ■) = hi^k,tj{vk,tj{tk),-) 
and Ki^k,tj{tk) = Li^k,tj{vk,tj{tk)), from (15.15P, both Gi^k,tki'tj,-) and gi,k,tj{tk, ■) map Ap^t^ \ 
Ki^k,tj{tk) conformally onto A-^^^^^i^-^ and maps T onto T. So they differ by a multiplicative 
constant of modulus 1. Since G/,fc,ti.(ij, •) o e* = e* o Gi^k,tki'tjr) and gi,j,tkitj,-) o e* = e* o 
gi,j,tki'tj, •), there is Ck{ti,t2) G M such that 

Gi,k,tki'tjr) =gi,k,tj{tkr) + Ck{ti,t2). (5.33) 
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Interchanging j and k in (|5.33p . we see that there is Cj{ti,t2) G M such that 

Gi,j,t,{tk, •) = gi,j,tdij^ •) + Cj{h,t2). (5.34) 

From ()5.2ip we have 

9i,j,tjtj,-) ogk{tk,-) + Cj =9k,tj{tk,-)°9i,j{tjr), (5.35) 

gi,k,t,{tk, •) ° gjitj, ■) + Ck = gj,tk{tj, •) °gi,k{tk, •)• (5-36) 

Since gj£i,itj, •) and^/j,tj^(tj,j) are time-changes of hj^tkit, •) and hij^t^{t, ■) via Vj^tj^, respec- 
tively, and /ij,tfc(t, •) = Ip-tk-t ° hij^tkitj, •) ° Ip-t^^ ^om (j5.15p . we have 

5iA(ii, •) = 4i{ti,i2) o 9i,j,t^itj, •) ° Vtfe' (5-37) 

Similarly, we have 

gi,k,tjitk,-) = im{h,t2) °gk,tjitk,-) °ip-ty (5.38) 

From (j5.36p . (|5.37p . ()5.38p . and the facts that 5j(ij, •) = Ip-tj ° giji^j, •) o Ip and gi^ki^k, •) = 
Ip-tk o 5fc(ifc, •) o -^p, we get 

gk,t,itk, •) °gi,jitj, ■) + Ck = gi,j,tkitj, ■)°gk{tk, ■)■ (5.39) 

Comparing (j5.39p with (j5.35p . we see that 

Ci{tiM) + C2{tiM) = Q- (5.40) 
From (|5.23p . for (ti,t2) £ we may define 

XjitiM) = Cj,tkih) - 9id,tkitj,(.kitk)) = Gi,k,tf,itj,Cjitj)) - gij,tk{tj,ik{tk))- (5.41) 
From (f03]) . (fOip . and (fOOD we have 

Xi(ti,t2)+^2(ti,t2) = 0. (5.42) 
Since H"' is even, we may define Q on D by 

Q(ti,t2) =H7(m(ti,t2),^i(ti,t2)) = H^"(m(ti,t2),X2(ti,t2)). (5.43) 
For {ti,t2) G V, we define 

^i,h(ii,i2) = #4(*'^''^^'(*j))' ^ = 0'1'2,3, (5.44) 
A,.3(ti,t2) 3/ yL,-2(ti,t2) x2 

Then Aj^s{ti-,'t2) is the Schwarzian derivative of gj^k,tj{tk, •) at Cjitj). 
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We may rewrite ()5.28p by 

dtgi,j,td^j,z) = ^],l^I(.^,9I,j,t^,(.tj, z) - ij,tk{tj))- (5-46) 
Differentiate this formula w.r.t. z twice. We get 



4iH',(m, <7jj,t,(f„ z) - ij,t,{tj)). (5.47) 



Let z = ^k{tk) in (j5.46p . (j5.47p . and (j5.48p . Since H/ and H" are odd and is even, from 
(|5.4ip . we have 

djAkfl = -Al^Uiim, Xj)dtj. (5.49) 
= A]^^-H.'j{m,Xj)dtj. (5.50) 

Ak,l 

dj (^) = -4iH';(m, Xj)Ak,idtj. (5.51) 
Differentiate (I5.48P w.r.t. z again, and let z = ^kitk)- Since H'j is even, we get 
- (^)') = 4i[H';'(m,X,)4, - H';(m,X,)^,,2], 

which together with (j5.43p , (|5.45p , and (|5.5ip implies that 

djAk^s = 4i^mQ- (5-52) 

For (ti,t2) e ^, define 

F{ti,t2) =exp(^J J Ai^i{si,S2fA2,i{si,S2fQ{si,S2)dsids2j, (5.53) 

Since gij^tkiO,-) = ^/,j,tfe(0, •) = id, when = 0, we have Ak^i = 1, Ak^2 = ^fc,3 = 0, hence 
■^k,s = 0- From ()5.52p . we see that 

^ = A,,s. (5.54) 
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5.3 Martingales in two time variables 

Let ai,a2 G T be as in Theorem 15. 1[ Let a/j = Ip{aj) £ Tp, j = 1,2. Choose xi,X2 G M 
such that aj = e'^-'', j = 1,2. Let Bi{t) and B2{t) be two independent Brownian motion. For 
j = 1,2, let (T^) be the complete filtration generated by {Bj{t)). Let A, Ai, and A2 be as in 
Theorem 15.11 We adopt the notation in the prior section. For j = 1,2, let (,j{tj), < tj < p, 
be the solution to the SDE: 

d^jitj) = ^/KdBj{tj) + Aj{p -tj,^j{tj) -gij{tj,X3-j))dtj, ^j{0) = xj. (5.55) 

Then for j = 1, 2, {(,j{t)) is an ( J^/ )-adapted semi-martingale with (^j)^ = Kt; (^i(t)) and (^2(i)) 
are independent; and Kj(tj), < tj < p, is an annulus SLE(«;, Aj) process in Ap started from 
aj with marked point aj^^^j. Note that gij{tj,X3-j) = Regj{tj,X3-j + ip). 

As the annulus Loewner objects driven by ^j, {Kj(tj)), {Kij{tj)), {gi,j{tj ■,■))■, (gj{tj-,-)), 
and (gfj{tj,-)) are all (7f^. )-adapted. Fix j ^ k £ {1,2}. Since {Kj{tj)) is (J-|^. )-adapted and 
{gi,ki:^k, •)) is (-^t^J-adapted, we see that {Kj^tk {tj) = gi,kitk, Kj{tj))) defined on V is (j;\ x J^^j. 
adapted. Since gj,tk{'tj,-) aiid gi,j,tj,itj,-) are determined by (Kj^tkisj)), < Sj < tj, they are 
(Ji\ X Jfj.adapted. From ([520, (G/^fc^t, (tj, •)) is {^1 x ).adapted. From ^M), {Cj,tM) 
is also {^l X J|,)-adapted. From (fsSl) . (fOB . (15^ . and ([^35]), we see that (m), (Xj), 
(Aj_/i), h = 0, 1,2,3, and (^j,5) are ah (J"/^ x )-adapted. 

Fix j / A; G {1, 2} and any (J"/')-stopping time tk G [0,p). Let J"/^:*''' = T^. x J"/^ , < t j < p. 
Then (J|' 

)o<t-,<p is a filtration. Since {Bj{tj)) is independent of .F/^^, it is also an [Tl] '")- 

Brownian motion. Thus, (I5.55P is an (J"j''*'=)-adapted SDE. From now on, we will apply Ito's 

formula repeatedly, all SDE will be (7"/ '**)-adapted, and tj ranges in [Q,Tj{tk)). 
From (jOT]) . ([STiT]) . ([Slii]) . and (jsjfe]) . we see that Xj satisfies 



djXj = Aj^idij{tj) + - - 3 Uj,29tj + ^;,iH/(m, A:j)atj. (5.56) 



Let r be given by Lemma ISTTl Let Fi = F and V2{t,x) = T{t, —x). Since F and A satisfy (15. ip 
and ()5.2p . and H/ is odd, we see that Fj and Aj, j = 1,2, also satisfy (|5.ip and (|5.2p . From 
(j5.42p . for (ti,i2) G P, we may define 

l^(ti,t2) =Fi(m(ti,t2),A:i(ti,t2)) = F2(m(ti,t2),A:2(ti,t2)). (5.57) 
From dHU), ([O]), ([OS]) . ([536]) . and ([5371) . we have 

- -Aj(m, Xj)^j,i9ei(ti) - f- - (4iH/(m, Xj) + A,(m, Xj)^j,2)atj. (5.58) 



From (j5.32p we have 

djAj^X _ Aj^2 p.^ (. ^ , /l Mi,2\2 /K 4\ Aj_3 
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+Ajir{m)dtj — r{p — tj)dtj. 

Let 

„ = 5-l. c-'^-^"""-"'. (5.59) 
Actually, c is the central charge for SLE^. Then we compute 

= a • • dC,{tj) + ^Aj^sdtj + aAl,r{m)dtj - ar{p - tj)dt,. (5.60) 

Recall the R defined in Section 12.31 Define M on P by 

M = ^^'i^^iF-fy exp(aR(m) - aR(^j - ti) - aR{p - ^2) + aR{p)). (5.61) 

Then M is positive. From ([23]), (lOSll . (l530]l . (l53i]l . (I538I1 . and (l5:60]l . we have 

^ = - • + ^A,(m,X,)^,,iaO(t,). (5.62) 

When tfc = 0, we have Aj^i = 1, Aj^2 = 0, m = p — tj, and Xj = ^j{tj) — gij{tj,Xk), so the RHS 
of (j5.62p becomes ^Aj{p — tj,^j{tj) —gjj{tj,Xk))d^j{tj). Define M on P by 

Mit,,t,) = B^^^^B^. (5.63) 
M(ti,0)M(0,t2) 

Then M is also positive, and M(ti,0) = M(0,t2) = 1 for ti,t2 G [0,p). From (|535]) and (tKIMjl 
we have 



M 



(3 - + A,(m, AjO^j- 1 - A,(p - tj,Cj{tj) - gi,j{tj,Xk))\ (5.64) 



dBAt, 



So when G [0,p) is a fixed (J-"(^)-stopping time, M is a local martingale in tj. 

Let J denote the set of Jordan curves in Ap that separates T and Tp. For J ^ J and 
j = 1, 2, let Tj(J) denote the smallest t such that Kj(€) n J 7^ 0. Recall that /^(z) = e~'^ j'z and 
Kij{t) = Ip{Kj{t)), so rj(J) is also the smallest t such that Kjj{t)nIp{J) 7^ 0. Let JP denote 
the set of pairs (Ji, J2) G such that /p(Ji) H J2 = and Ip{Ji) is surrounded by J2. This is 
equivalent to that /p( J2) n Ji = and /p( J2) is surrounded by Ji. Then for every ( Ji, J2) G JP, 
K/,i(ti) n ^2(^2) = when ti < ri(Ji) and t2 < T2(J2), so [0,Ti(Ji)] x [0,r2(J2)] C V. 

Lemma 5.5 There are positive continuous functions Nl{p) and Ns{p) defined on (0,oo) that 
satisfies Nl{p), Ns{p) = 0{pe~P) as p —)• 00 and the following properties. Suppose K is an 
interior hull in D containing 0, g maps D \ conformally onto Ap for some p E (0, 00) and 
maps T onto T, and g is an analytic function that satisfies e^ og = g o e^ . Then for any x G M, 
I ln(5r'(a;))| < Nl{p) and \S'g{x)\ < Ns{p), where Sg{x) is the Schwarzian derivative ofg at x, 
I.e., Sg{x) = g"'{x)/g'{x) - hg" {x) /g' {x)f . 
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Proof. Let P{p, z) = — Re S/(p, z) — In \z\/p and z) = P{p, e*^) = ImH/(p, z) + Im z/p. 
Then P{p, •) vanishes on T and Tp \ {e~^} and is harmonic inside Ap. Moreover, when z £ Ap 
IS near e' -P, P{p, z) behaves hke - Re(^#) + 0(1). Thus, •) is a renormahzed Poisson 

kernel in Ap with the pole at e"^. Since ln|g'~^| is negative and harmonic in Ap and vanishes 
on T, there is a positive measure [ik supported by [0, 27r) such that for any z G Ap, 



Mg-\z)\ = - J Pip,z/e'^)di^KiO- 
Since og = g o e"^, lmg~^ = — In \g~^ o e*|. Thus, for any z S Sp, 

lmg-H^)= I Pip,e"/e'^)dt,KiO= [ Pip, z - C)dfiKiO- 



Qh 



So for any x € M and /i = 1, 2, 3, 
Let 



(5.65) 



inf^P(p,x), Mp = sup ^P(p,x), mW =sup| P{p,x)\, /i = 2,3. 



Since P(p, •) is positive in Sp, vanishes on M, and has period 27r, we have < rup < Mp < oo. 
So from ()5.65p . for any x G M, mp\fj,K\ < (d^^Yix) < Mp\fiK\- Since g~^ maps T onto T, we 
have g~^{2Tr) = g~'^{0) + 27r. Thus, 



2tt 



2tt 



(g ) {x)dx e [27rmp|/Uii-|,27rMp|//ii-|]. 



So we have 1/Mp < \fJ.K\ < l/nip. Thus, for any x G M, mp/Mp < {g "'^)'(x) < Mp/nip and 
|(5-i)W(x)| < M^^^/mp, /i = 2,3. So we have 



\Sg-\x) 



(g-'Yix) 2 \ (g-'rix) 



2 ^M^^'^Mp ^ SfM^Mp^-i 



m. 



2 + 2 



Since maps M onto M, we see that, for any x G M, rUp/Mp < g'{x) < Mp/nip, and 



\Sg{x) 



SrHgix)) /AffAfp3 ^ 3(Mf)2M^ 



(ri)'(5(^))^ 



< 



Let iVi(p) = ln(Mp/mp) > and Ns{p) = + f^^^^^J^ > 0. Then |ln(5'(x))| < 

Nl{p) and |S'5(x)| < Ns{p) for any x G M. Since P{p,z) = lmili{p, z) +lmz/p, we see 
that ^P{p,x) = U'j{p,x) + i and ^-9^P{p,x) = u\^\p,x), h = 2,3. FYom Lemma EH 

Mp,mp = i + 0(e-P) and M^''^ = O(e-P), /i = 2, 3, as p ^ cx). So Nl{p),Ns{p) = Oipe'P) as 



p — >• oo. □ 
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Proposition 5.1 (Boundedness) Fix (Ji, J2) G JP- Then |ln(M)| is bounded on [0,ri(Ji)] x 
[0,T2(J2)] by a constant depending only on Ji and J2. 

Proof. In this proof, we say a function is uniformly bounded if its values on [0, Ti(Ji)] x 
[0,T2(J2)] are bounded in absolute value by a constant depending only on p, Ji, and J2. If 
there is no ambiguity, let Q(A,B) denote the domain bounded by sets A and B, and let 
mod(^, B) denote the modulus of this domain if it is doubly connected. Let Ji^2 = Io{J2)- Let 
Pq = mod(Ji, J/^2) > 0. If ti < Ti{Ji) and t2 < 22(J2), since 0(Ji, J/^2) disconnects Ki{ti) and 
Ki^2{t2) in Ap, m(ti,t2) > Po- Since m < p always holds, m € [po,p\ on [0,Ti(Ji)] x [0, T2(J2)]. 
Since R is continuous on (0,(X)), R(m) is uniformly bounded. Since Q = H'/'(m, Xi) and H"' 
is continuous and has period 27r, Q is uniformly bounded. Prom Lemma 15.51 for j = 1,2, 
I ln(^j^i)| < NL{xn), so it is uniformly bounded. From (|5.54p . ln(F) is uniformly bounded. Let 
s = 5a be the average shift of A. Let > be defined by ([53]). Let Ys = Ts{Xi). From (f5lT]) 
and (jS.ip . we see that F^ is continuous and has period 27r. So \n{Ys) is uniformly bounded. 
Define Ms and Ms by 

Ms = ^^'lAf iF-§y,exp(aR(m)). 

M.(t,,t2) = S^i^^^SM). 

M,(ii,0)M,(0,t2) 

Since In(Ai^i), ln(A2,i), ln(F), In(ys), and R(m) are all uniformly bounded, In(Ms) and In(Ms) 
are also uniformly bounded. Now it suffice to show that ln(M) — In(Ms) is uniformly bounded. 
Note that p — ti = m(ti,0), p — t2 = m(0,t2)) and p = m(0,0), so from ()5.6ip and ()5.63p we 
have 

ln(M(ti,t2)) - ln(M,(ti,t2)) = -(Xi(ii,t2) - Xi(ti,0) - Xi(0, ^2) + Xi(0, 0)) 

+ — (m(ti, t2) - m(ti, 0) - m(0, t2) + m(0, 0)). 

If s = the proof is completed. Now we deal with the case s 7^ 0. The second term on the 
RHS of the above formula is uniformly bounded because m G [po^p]- So it suffice to show that 
Xi{ti,t2) - Xi(ti,0) -Xi(0,t2) + -^^1(0,0) is uniformly bounded. Let 

G{ti,t2) = G7,2,i2(ii,6(ii)), 9ih,t2) = 9i,i,t2{ti,Ui2)). 

From HOT]) we have Xi = G-g. So it suffice to show that G(ti,t2)-G(ti,0)-G(0,t2) + G(0,0) 
and g{ti,t2) — g{ti,0) — g{0, t2) + g{0, 0) are both uniformly bounded. From (j5.46p we have 

Wi,t2) = ^?,iH/(m(ti,t2),5(ii,i2) -ei,t2(ti))- 

Since ^ is uniformly bounded, m G [poiP]) and H/ is continuous and has period 2it, g{ti,t2) — 
g{0,t2) is uniformly bounded. Thus, g{ti,t2) — g{ti,0) —^(0,^2) + 5(0,0) is uniformly bounded. 
Let Gd{ti,t2) = G{ti,t2) -^i{ti). Then 

G{ti,t2) - GituO) - G(0, t2) + G(0, 0) = Gd{ti,t2) - 0) - 5^(0, t2) + 5^(0, 0). 
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To finish tlie proof it suffice to sliow tliat Gd is uniformly bounded. 

Let J be a Jordan curve whicli disconnects Ji and /p(J2)- Let pi = mod(J, Ji). Since 
n{Ji,J) disconnects T U K2{t2) from J, mod( J, T U /i:2(i2)) > Pi- Fix (ti,i2) G [0,ri(Ji)] x 
[0,r2(J2)]. Since gi^tiih, •) ° 97,2(^2, •) maps i7(J, T U K2{t2)) conformally onto VL{gi^t^{ti, ■) o 
ff/,2(i2, •)(-''), T), mod(c/i,i2(ti, •) o 57,2 (*2, •)(-''), T) > pi. Since gi^tiih,-) ° gi,2{t2,-){J) is a 
Jordan curve that surrounds 0, there is a constant /ii > depending only on pi such that 
\gi,t2{'^i,gi,2{t2^z))\ < e-^^ for any z G J. Let J = (e*)"H«^)- Then Im5i,t2 (ti, 5/,2(i2, 2:)) > /ii 
for any z £ J. There is a constant Ci > depending only on p, po, and /ii, such that 
|H(t,2;)| < Ci for t S [poiP] and Imz G Since gi^t2i^r) = id and Im^ri^^j ('^j 5/,2(i2) -s)) > 

/ii for r G [0,ti], from (15 25j) and (|5.27p we have 

Iffi,t2(*i,5/,2(t2,2;)) -gi,2it2,z)\ < Ci(m(0,i2) -m(ti,t2)) < Cip. (5.66) 
Letting ^2 = 0, we see that 

\gi{ti,z)-z\<Cip, zeJ. (5.67) 

Let Ji = Ip{J) and J/ = (e^)~i(J/). Then J/ is a Jordan curve which disconnects J2 and 
Ip{Ji). Similarly, there is a constant C2 > depending only on p2 := mod(J/, J2), such that 

l52,ii(*2,5/,l(*l'^)) -ff/,i(*i>2:)| < C2P, z G J/. 

Letting ti = 0, we see that for any z G Jj, \g2it2,z) — z\ < C2P- Since Jj = Ip{J) and 
57,2(^2, •) = ^p-t2 o 52(^2, •) o ^p, 

|5/,2(t2,2) - Ip-t2{z)\ < C2P, z G J. (5.68) 

Since J/ C Sp and p — t2 £ [po,p], for z £ J, \Ip-t2{z) — z\ < 2p. This, together with (j5.66p and 
(j5.68|) . implies that 

\9i,t2{tugi,2{t2,z))-z\<{Ci + C2 + 2)p, z£j. (5.69) 

From dOT]) we have G/,2,ii (*!>•) = 5i,t2(^i> •)o9/,2(t2, Oo^il^i, O"^- From ([STBTl) and (fCTD 
we see that 

|G/,2,ti(ti,ti^) < (2Ci + C72 + 2)p =: C, tz; G gi(ti, J). 

Then C is a constant depending only on p, Ji, and J2, since we can choose J arbitrarily. 
We know that Gi^2,ti{ti, ■) is analytic in ^}(R,gi{ti, J)) and maps M onto M. From Schwarz 
reflection principle, Gi^2,tiiti, •) extends analytically to ^l{gi{ti, J), Iq °5i(iii «^))- And we have 
\ReGi^2,ti{ti,'w) — Rew| < C on gi{ti,J) and Iq ° gi{tiiJ))- From Maximum principle, we 
conclude that for any j; G M, \Gi^2,tx{ti^x) — x\ <C. Since Grf(ti, t2) = Gi^2,ti{ti,Cii'ti))—(,i{ti), 
\Gd\ < C on [0,Ti(Ji)] X [0,T2(J2)], which implies that Gd is uniformly bounded. □ 
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5.4 Local coupling 

Let /ij denote the distribution of (^j), j = 1, 2. Let fi = fiix fi2- Then ^ is the joint distribution 
of (^i) and (^2)) since ^1 and ^2 are independent. Fix (Ji, J2) G JP. From the local martingale 
property of M and Proposition EH we have E ^[M(Ti( Ji), J2))] = M(0,0) = 1. Define 
^Ji,J2 by di/j-^j^/dfi = M(Ti(Ji), r2(J2)). Then J^j^^jj is a probability measure. Let 1^1 and 
1/2 be the two marginal measures of vj^^j^- Then dvi/dni = M{Ti{Ji),0) = 1 and dv2/d^2 = 
M(0,T2(J2)) = 1, so Uj = /ij, j = 1,2. Suppose temporarily that the joint distribution of (^1) 
and (^2) is '^Ji,J2 instead of fi. Then the distribution of each (^j) is still //j. 

Fix an (J"j^)-stopping time t2 < T2{J2)- From (j5.55p . (|5.64p . and Girsanov theorem (c.f. [T7]), 
under the probability measure i^ji,j2, there is an x J"|,)ti>o-Brownian motion Bi^^jl^i) such 
that 6(*i), < < Ti(Ji), satisfies the {F}^ x j|,)f^>o-adapted SDK: 

d^i(ti) = ^dBi^t^ih) + (3 - + Ai(m,Xi)^i,idti, 

which together with (j5.23p . (j5.3ip . and Ito's formula implies that 

- 9i,i,t2 {h,C2{t2)))dti. 

Recall that Ci,t2('Si) = 6,t2(^i^t2('^i)) ^^^^ ^/,i,t2 (•^i^ •) = 5/,i,t2 ('"^2 (^i), •)• So from (|5.15p and 
(|5.24p . there is another Brownian motion Bi^t2isi) such that for < si < vi^t2{Ti{Ji)), 

dCi^tiisi) = \/KdBi^^{si) + Ai(p - t2 - si,Ci,t2('5i) - hi^i^t2{si,i2{t2)))dsi. (5.70) 

Moreover, the initial values is Ci^i^) ~ ^iMi^) ~ ^1^2,12(^^x1) = gi,2{t2,xi). Since Li^i^t2if) 
and hj^i^t2{t) the inverted annulus Loewner hulls and inverted covering annulus Loewner 
maps, respectively, of modulus p — t2 driven by Ci^i^)^ -^i,t2(^i,i2(^i)) = 91, 2it2, Ki{ti)), 
from (j5.70p we see that, conditioned on T^^, after a time-change, gj ^2(^2, Ki{ti)), < ti < 
Ti{Ji), is a partial annulus SLE(k, Ai) process in Ap^t2 started from gi,2{t2,ai) with marked 
point Ip-t2 ° e*(^2(i2))- Similarly, if ti is a fixed ( J^/ )-stopping time with ti < Ti(Ji), then 
conditioned on J^i) after a time-change, (77,1(^1, -^'2(^2))) < t2 < T2{J2), is a partial annulus 
SLE(k, A2) process in Ap_(^ started from gi,i{ti,a2) with marked point Ip-ti ° e*('^i(ti)). 

5.5 Global coupling 

The stochastic coupling technique allows us to construct a global coupling from the local cou- 
plings. The following theorem is an essential step of the stochastic coupling technique. It is 
similar to Theorem 6.1 in [28j and Theorem 4.5 in [29], so we omit its proof. 

Proposition 5.2 Suppose n € N and ( JJ", J™) G JP, 1 < m < n. There is a continuous 
function M*(ti,f2) defined on [0,p]^ that satisfies the following properties: 

(i) M, = M on [0,Ti(Jf )] x [0,r2(J2™)] forl<m< n; 
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(ii) M^{t,0) = M^{0,t) = 1 for any t G [0,p\; 



(in) M{ti,t2) G [C'i,C2] for any ti,t2 £ [0,p], where C2 > Ci > are constants depending 
only on J™, j = 1,2, 1 < m < n; 

(iv) fix j ^ k £ {1)2} and any {T^ )-stopping time tk G [0,p], is a hounded {T^. x ^t^)tj>o- 
martingale in tj . 

Let JP^, be the set of ( Ji , J2) G JP such that for j = 1,2, Jj is a polygon curve whose vertices 
have rational coordinates. Then JP* is countable. Let (J™, J™), m G N, be an enumeration 
of JP*. For each n G N, let M*"(ti,t2) be the M*(ti,t2) given by Proposition [O for (J{", J^), 
1 < m < n, in the above enumeration. 

For j = 1,2, let Cj{t), Kj{t), and gij{t,-) be as in the prior subsection. Recall that Kj{t), 
< t < p, is an annulus SLE(k, Aj) process in Ap started from aj with marked point aj^^^j. 
For j = 1,2, let Hj denote the distribution of ^j(i), < t < p. At first, suppose that ^1 
and ^2 are independent, then fj. := /ii x 112 is the joint distribution of ^1 and ^2, which is a 
probability measure on C([0,p))^. For each n G N, define i^" by du"^ = M^{p,p)dfi. Then is 
also a probability measure on C([0,p))^. Let i^" and 1^2 be the marginal measure of z^". Since 
M]^{ti,t2) = 1 when ti = or t2 = 0, u'j = fij, j = 1,2. If the joint distribution of ^1 and 
^2 is u"' instead of then the distributions of ^1 and ^2 are still ^1 and iJ,2, respectively; and 
from the discussion at the end of the prior subsection, we see that for any 1 < m < n and 
j ^ k £ {1, 2}, if tk is an (J"/^)-stopping time with t^ < T}^{JJ!^), then conditioned on F^^, after 
a time-change, gi^kitk, Kj{t)), < t < Tj{Jj^), is a partial annulus SLE(k;, Aj) process in Ap_tj, 
started from gi^k{tk-,o-j) with marked point Ip-t^. o e^i^kitk))- Now we are ready to finish the 
proof of Theorem 15.11 

A sketch of the proof of Theorem 15.11 in the case k > 0. Let H{C) denote the space 
of nonempty compact subsets of C (with spherical metric) endowed with the Hausdorff metric. 
We view C([0,p)) as a subspace of 7^(C) by identifying every ^ G C{[0,p)) with G{^) G 'H{C), 
where G(^) is the closure of {x + : < x < p} in C. Then Pr(C([0,p))^) becomes a 

subspace of Pr('H(C)^). Let u G Pr(7^(C)^) be a subsequential limit of (i^")neN- Let and V2 
be the marginals of u. For each n G N, i^J' = for j = 1,2, so 1^1 = /ii and z^2 = Ai2- Since 
£ Pr(C([0,p))), G Pr(C([0,p))^)). Now suppose that the joint distribution of ^1 and 
^2 is y instead of /i. Let Kj{t), I3j{t), Kjj{t), and (iij{t) be the notations as before. Since 
vi = fii and 1^2 = /^2; we see that, for j = 1, 2, Kj{t), < t < p, is still an annulus SLE(k, A^) 
process in Ap started from aj with marked point aj^^-j. So we have (i). From Proposition 15.21 
(i) it is easily seen that for any (Ji, J2) G JP, the joint distribution of {Ki{t) . < t < Ti(Ji)) 
and {Ki^2{t) : < t < T2(J2)) is absolutely continuous w.r.t. the product measure of these 
two distributions, and the Radon-Nikodym derivative is M(Ti(Ji), T2(J2)). Moveover, it is 
easy to check that, for j / /c G {1,2}, \i tk < p is an (J^/^)-stopping time, then Tj{tk) = 
sup^gi^{rj( J™) : tk < Tk{J]^)}. From the discussion before this proof, one can conclude that, 
conditioned on F^^, after a time-change, gj^k{tk, Kj{t)), < t < Tj{tk), is a partial annulus 
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SLE(k, Aj) process in ^p-tj, started from gi^kitk-iO-j) with marked point ip-tj. o e'^{£,k{ik))- The 
word "partial" could be removed because as tj — Tj{tk), dist{Kj{tj), Kj^kitk)) — > 0, so from 
(j5.14p and (|5.15p we have Vj^tk p — tk- The reader may refer Section 4.3 in [29] for details 

of the argument in this proof. □ 

5.6 The deterministic case 

Now we prove Theorem 15.11 in the case k = 0. For j ^ k G {1, 2}, define Uk and Vk on D by 

Uk = Ak,iAk{m,Xk)+3^, Vk = djUk. (5.71) 

Ak,i 

Fix j / £ {1,2}. litj = 0, then Ak^i = 1, ylfc,2 = 0, m = p-tk, and Xk = ik{tk) -gi,k{tk,Xj). 
From (j5.55p . satisfies d^k{tk) = Uk\tj=odtk- Similarly, satisfies d^j{tj) = Uj\tf,=odtj. From 
(j5.42p . (j5.56p . and that H/ is odd, we see that Xj and Xk satisfy 

djXk = -djXj = -A,,i[Uj\t,=o] + 3^,-,2 + 4iH/(m, Xk). (5.72) 

From HQs]) . ([532]), (l530]l . (l53T]l . (l5TT]l . ([5772]) . and that H'^ is even, H'/ is odd, we have 

Vk = Ak,iAl^U'jim,Xk)Ak{m,Xk) - Ak,iAl^dtAkim, Xk) + 3Ak,iAl^U'iim, Xk) 

+Ak,iA'k{m,Xk){-Aj^i[Uj\t^=o] + 3Aj^2 + 4iH/(m,Xfc)}. 
Since (jl.ip holds with k = 0, from the above formula, we get 

Vk = Ak,iAj^iA'k{m,Xk){Uj - Uj\t,=o). 

Let R := Ai^i742,iA'^(m, Xi) = Ai^i^2,i^2(™) ^2)- Then we have 

Vl{ti,t2) = R{ti,t2) [ ' V2{si,t2)dsi, V2{tiM) = RitlM) r Vi{ti,S2)dS2. (5.73) 
JO JO 

The only solution to (j5.73p is Vi = V2 ^ 0. So we have Uj = Uj\t,^=o. From ()5.72p and that 
H/ is odd, we have 

djXj = Aj^iUj - 3Aj^2 + ^j, iH7(m, Xj) = ^|,iAj(m, Xj) + Al^lli{m, Xj). (5.74) 

From ([OT|) and ([5^ we have Xj + Akfl = ^j,tk{tj)- So from ([09|) and (jSTij) . we see that 

dCj,t,itj) = ^i, i^i(m' Xj)dtj. (5.75) 

Smce(^(tj) = OA(i'j,tfe(*i)) and ^/j, t^(tj, •) = /i/j,ijwj,tfe(*i)> O, from (ISJSj), (1L241), (IMU), 
and ()5.75p . Ci,tfc(0 satisfies 

dCj,tk{t) = Aj{p-tk - i,0,ifc(i) -hij,tt:{t,^k{tk)))dt. 

When j = 1 and k = 2, this equation agrees with ()5.70p when k = 0. Arguing as in Section [5.41 
we can complete the proof of Theorem 15.11 in the case k = 0. 
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5.7 Other results 



Here we state without proofs some other results which can be proved using the idea in the proof 
of Theorem 15.11 

Theorem 5.2 Let k>0. Suppose A is a C^'^ dijjerentiable chordal-type annulus drift function 
that solves U.^) . Let Ai = A and A2 be the dual function of A. Then for any p > and 
ai ^ 02 £ T, there is a coupling of two processes: Ki{t), < t < Ti, and K2{t), < t < T2, 
such that for j ^ k £ {1,2} the following hold. 

(i) Kj{t), < t < Tj, is an annulus SLE{k, Aj) process in Ap started from aj with marked 
point af^. 

(a) If tk £ [0,Tfc) is a stopping time w.r.t. {Kk{t)), then conditioned on Kk{t), Q < t < tj., 
after a time-change, gk{tk, Kj{t)), <t < Tj{tk), is a partial annulus SLE{K,Aj) process 
in Ap_fj. started from gk{tk^o,j) S T with marked point e*(^fc(ifc)) G T, where 'is the 
driving function for {Kk{t)), gk{t, ■), < p, are the annulus Loewner maps of modulus 
p driven by ^fc, and Tj{tk) is the maximal number in (0,Tj] such that Kj{t) n K^itj.) = 
for < t < Tj{tk). If K £ (0)4], the word "partial" could be removed. 

Let A be a function on M \ {2n7r : n G Z} with period 27r. Then we may define a radial 
SLE(k, A) process in D started from a = e*^° with marked point b = e*^", both of which lie on 
T and are distinct. The driving function ^ solves 

di{t) = ^dB{t) + A{m - g{t, yo))dt, m = xq, (5.76) 
where g{t, •) are the covering radial Loewner maps driven by ^. If A solves 

= ^A" + (3 - ^) cot'a +A cot's + cot2 A' + AA', (5.77) 

and Aj{x) = — A(— x), we may construct a coupling of a radial SLE(k; A) process with a radial 
SLE(k; A/) process, which has a similar property as the coupling in Theorem 15.21 

Let xq yo £ M. We may define a strip SLE(k, A) process in S^r started from xq with 
marked point yo, where A is a function on (0, 00) or (— cxd,0) depending on xq > yo or 
xo < yo- The driving function ^ solves (I5.76P with g{t, •) replaced by the strip Loewner maps 
g{t,-) driven by ^. If A solves (j5.77p with cots replaced by coths, and A/(x) = — A(— x), we 
may construct a coupling of a strip SLE(k; A) process with a strip SLE(k;; Aj) process, which 
has a similar property as the coupling in Theorem 15.21 

We can also define strip SLE(k,A) processes where the marked point lies on M^. We need 
that A be a differentiable function on M. For this kind of strip SLE(k, A) processes, we have 
the coupling theorem, which is similar to Theorem 15.11 The condition is that A satisfies (j5.77p 
with cot2 replaced by tanh2. 

The general solutions to (j5.77p and the equations with cot2 replaced by coth2 or tanh2 can 
be expressed in terms of hyper geometric function. Some particular solutions can be expressed 
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in terms of trigonometric or hyperbolic functions. For example, Ai(a;) = (k/2 — 3)cot2(x) 
and A2(x) = cot2(x) solve ()5.77p . The radial SLE(k, Ai) process is actually the chordal SLE^, 
and the radial SLE(k, A2) process is a two-sided radial SLE^ (c.f. |10]). which can be viewed 
as a chordal SLE^ trace conditioned to pass through a marked interior point ([5]). So the 
commutation relation is not a surprise. 

6 Coupling of Whole-Plane SLE 

In this section, we will prove theorems about coupling of whole-plane SLE. The average shift 
of A (Definition 15. ip will play a role in the statements. Recall that loiz) = 1/z. 

Theorem 6.1 Fix k > 0. Suppose A is a crossing annulus drift function that satisfies M.l\l 
and has average shift 0. Let Ai = A and A2 be the dual function of A. Then there is a coupling 
of two processes Kj^iit), —00 <t< 00, and Ki^2{t), —00 <t< 00, such that for j / A; G {1,2}, 
the following hold. 

(i) Kj j{t), —00 < t < 00, is a whole-plane SLE^^ process in C from to 00; 

(a) Let tk be a finite stopping time w.r.t. {Kj^k{t)). Then conditioned on Kj^k{s), —00 < 
s < tfc; after a time-change, the process gkitk, —00 < tj < Tj{tk), is a disc 

SLE{k, Aj) process in D started from with marked point e*(^fc(tfc)), where is the driving 
function for (Kfkit))? dkit^'); ~oo <t < 00, are the inverted whole-plane Loewner maps 
driven by ^k, and Tj{tk) is the maximal number in M such that Kfj{t) n /o(-f^/,fc(^fe)) = 
for -00 < t < Tj{tk). 

6.1 Stochastic Analysis 

We use the notation in Section 12.21 The results from Stochastic Analysis, such as Ito's for- 
mula, Girsanov theorem, and time-change (c.f. [H]), extends to the integrals against pre-(T; k)- 
Brownian motions. Suppose B^'^\t) is a pre-(J-i)-(T; K)-Brownian motion. We have the follow- 
ing lemmas. The idea of the proofs is to truncate the time intervals, which means that to study 
a process X{t) defined on (— oo,T), we work on X{tQ + 1), < t < T — to, instead, where to is 
an arbitrary number close to —00. We omit the proofs because they are straightforward. 

Lemma 6.1 (i) Suppose X{t), —00 <t<T, satisfies the (J-'t)- adapted SDE i2.2\) . and f{t,x) 
is a random C^'^ differentiable function defined on (— oo,r) x M such that e* o f{t,-) is {J-t)- 
adapted, and for some fixed k £ Z, f{t,x + 27r) = f{t,x) + 2k-K. Let Y{t) = f{t,X{t)). Then 
Y{t), satisfies the {Tt)-adapted SDE: 

dY{t) = nt,X{t))a{t)dB^-\t) + [dtf{t,X{t)) + f'{t,X{t))b{t) + '^nt,X{t))a{tf]dt. 



37 



(ii) Suppose the {Ft)-adapted SDE 112.!^) holds for Xj{t), aj{t), and bj{t), j = 1,2. Then 
Y{t) := Xi{t) ■ X2{t) satisfies the {Ft)-adapted SDE: 

dY{t) = [X^{t)a2{t) + X2{t)ai{t)]dB^''\t) + [Xi{t)b2{t) + X2{t)bi{t) + Kai{t)a2{t)]dt. 



Lemma 6.2 Suppose M{t), —oo < t < oo, is a uniformly bounded positive {J^t) -martingale 
and satisfies the {Ft)-adapted SDE: dM{t)/M{t) = a{t)dB^''\t) for some {Tt)-o-dapted contin- 
uous process a{t) which satisfies that a.s. f^^a{s)ds converges for any t E M. So M(oo) := 
limt^ooM(t) a.s. exists. Suppose limt^^oo M{t) = 1 uniformly. Let P denote the distribu- 
tion of (B^^Ht)). Define by d¥^/d¥ = M(oo). Then Pq is a probability distribution, and 
Bi'^\t) := B''^^\t) — Ka{s)ds, t £ M., is a pre-{J-t)-{T; K)-Brownian motion under P*. 

Lemma 6.3 Suppose that X{t) satisfies the {Ft)-adapted SDE: dX{t) = a{t)dB^'^\t) , —oo < 
t < T, where a(t) is a positive continuous {Tt)-o-dapted process. Suppose that u{t), — oo < 
t < T, is {J^t)-0'dapted, u'{t) = a(t)'^ , and u maps (— oo,T) onto {—oo,S) for some random 
S G (—00,00], which is bounded below by a deterministic number. Suppose that u{t) — )• —00 
uniformly as t ^ —00. Let Y{s) = X{u~^{s)), —00 < s < S. Then Y{s), —00 < s < S, is a 
partial pre-{T; K)-Brownian motion. 

6.2 Estimations on Loewner maps 

Let g{t, •), t G M, be the inverted covering whole-plane Loewner maps driven by some ^ € C(M). 
Let z £ C and h{t) = lmg{t,z) > for t E (— oo,r2), the interval on which g{t,z) is defined. 
Since g satisfies (j3.4p we have — tanh2(/i(t)) > h'{t) > — coth2(/i(t)). So h{t) decreases, and 
^ ln(cosh2(/i(t))) > —1/2, which implies that 

cosh2{h{t))) > e"^(*-*) cosh2(/i(s)), s <t e (-00, r^). 

Let s -> -00. From I^M we have cosh2(/i(t)) > ie^"3, so 4cosh|(/i(i)) > e^™^~*. Thus, 
^hit) > gim^-t _ 3^ gQ j^j^^g eimgit,z) > ^imz-t _ 3^ ^ g (-oo,r^). From (133D and this 

formula, we see that 

\dt9{t,z)+i\< ^,^J^^^_^ < ift<lmz-H4). (6.1) 

If t < Imz — ln(8) then e^™^~* — 4 > e^™^~*/2, so the RHS of the above formula is not bigger 
than 4e*~^™^. Then from (j3.6p and integration we have 

\g{t, z) + it - z\<Ae^~'^'^'' < 1/2, if t < Imz - ln(8). (6.2) 

If g{t, •) are the covering whole-plane Loewner maps, then from g{t, •) = LQogj(^t, ■)oLq, we have 

|5/(t,z) < 4e*+^™^ if t < -Imz-ln(8). (6.3) 
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Let gi{t, •), — oo < t < 0, be the covering disc Loewner maps driven by some ^ G (— oo,0). 
Let z G HI and h{t) = lmgj{t,z) > for t G (—00, r^). From Lemma 12.11 and ()3.14p we 
see that if -t > h{t) + 2 then \h'{t)\ < 5.5e'*W+*, so l^e-'^^*)] < 5.5e*. From (l3J5]l we see 
that —t > h{t) + 2 when t is close to —00. Suppose that —t > h{t) + 2 does not hold for 
ah t £ (-00, r^), and let to be the first t such that -t = h{t) + 2. Then \-^e~''^^'>\ < 5.5e* 
on (—00, to]- From p.lSp and integration we have e*"^^ = e"'^*^*"^ > g-i™^ — 5.5e*o, which 
implies that e"^""^ < (e^ + 5.5)e*o < 13e*o. Thus, if t < - Imz - ln(13) then -t > h{t) + 2, so 
< 5.5e'^*^*'*+*. From (j3.15p and integration, we have 

g-img,(M) > e-i'"^ -5.5e* > ^e-^'^^ if t < -Imz-ln(13). 

For t G (—00, — Imz — ln(13)], from the above inequality, we have 

Imgi{t, z) < Im z + ln(13) - ln(7.5) < -t - ln(7.5) < -t - 2, 
which, together with Lemma l2. 11 implies that 

7.5 

From ()3.14p . ()3.15p and integration we have 

\gi{t,z)-z\ <10e^'^^+*, if t < -Imz-ln(13). 

If g{t, •) are the inverted covering disc Loewner maps, then from g{t, •) = I_t o ^/(t, •) o Jo, we 
have 

+ z| < 10e-^™^+*, ift<Imz-ln(13). (6.4) 

6.3 Ensemble 

The argument in this subsection is parallel to that in Section 15.21 Let ^1 , ^2 G C (M) . For 
j = 1,2, let Kij{t) and gi,j{t,-) (resp. Kj{t) and gj{t,-)) be the whole-plane (resp. inverted 
whole-plane) Loewner hulls and maps driven by ^j(t), t G M. Let Kjj{t), gij{t,-), Kj{t), 
and gj{t,-) be the corresponding covering hulls and maps. So we have Kj{t) = Io{Kfj{t)), 
gj{t, ■) = Iqo gij{t, •) o lo, and gj{t, ■) = Iqo gij{t, •) o Jo- Define T> by (15.131) . For (ti, t2) G V, 
C \ Ki{ti) \ ^7,2(^2) and C \ Kj^i{ti) \ K2{t2) are doubly connected domains with the same 
modulus. Define m on 2? by (j5.14p with Ap replaced by C. Fix any j ^ k G {1, 2} and tk G M. 
Let Tj{tk) = supjtj : Kjj{tj) n Kk{tk) = 0}- Then for any tj < Tj{tk), we have (ti,t2) £ ^• 
Moreover, as tj — )• Tj{tjS)~ , the spherical distance between Kjj{tj) and Kk{tk) tends to 0, so 
m(ti,t2)^0. 

From Proposition l3.3| Kjj{tj), —00 < tj < 00, is an interior Loewner chain in C started from 
0. Since for —00 < tj < Tj{tiS), Kij{tj) lies in C \ Kk{tk)-, Kfj{tj), —00 < tj < Tj{tj.), is also 
an interior Loewner chain in C \ Kk{tk)- Let Kjj^tkitj) = gki^k, ^ijitj))- Recall that gk{tk, •) 
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maps C\Kk{tk) conformally onto D and fixes 0, so i^/j^ij. (tj), — oo < tj < Tj{tk), is an interior 
Loewner chain in D started from 0. Now we apply Proposition 13.61 For — oo < tj < Tj{tk), let 

Vj,t,itj) := -mod(D \ Kjj,t,{tj)) = - mod(C \ Kk{tk) \ Kjj{tj)) = -m{h,t2). (6.5) 

Here the second "=" holds because gk{tk,-) maps C \ Kk{tk) \ Kij{tj) conformally onto D \ 
Kfj^tki'tj)- Then vj^tk is continuous and increasing and maps {—oo, Tj{tk)) onto (— oo,5) for 
some S G (— oo,0]. Since m — )• as — Tj{tk)~, S = 0. Let Ljj^tki^) = ^i,j,tki'^'jtS^))^ 
—oo < t < 0. Then L/j_tj,(t), — oo < t < 0, are the disc Loewner hulls driven by some 
Cj.tfe £ C{{—oo,0)). Let Lj^tki't) be the corresponding inverted disc Loewner hulls. Let /i/j^fj. (t, •) 
and hj^t^it, ■) be the corresponding disc and inverted disc Loewner maps. Let Lfj^tkit), ^j,tki't)^ 
hjj^tkit, •)) ^-iid hj^tki't, ■) be the corresponding covering Loewner hulls and maps. 

For -oo < t£ < Tj{tk), let ^j,t,(tj), Kj^t^,{tj), 9i,j,tdtjr), gj,t^,{tj,-), Kij^t^{tj), Kj^t^,{tj), 
9i,j,tki'tjr), and gj,tk{tj, be the time-change of Cj,tki't), ^/j,tfe(*> •)> ^/jA 

-^j,tfe(0' hi,j,tkiir), and hj^tki^r), respectively, via Wj^t^^. 

Applying Proposition 13.41 we find that (|5.16p holds here with cap^^ replaced by capjj.o, and 
(j5.17p holds here without change. Applying Proposition 13.71 we find that (|5.18p and (|5.19p also 
hold here. Define G/,fc,t^.(*ir) and Gi^k,tk{ijr) by (IKIMjl and K2\\\ . Then KTIb stih holds 
here. We could choose the driving function Qj^t^ such that (j5.23p holds. Using Proposition 13.11 
we conclude that (I5.24p and ()5.25p hold here. 

From (13. 4p . we see that ()5.26p holds with p — tj replaced by oo. Using ()3.16p . (I5.24p and 
(I63D . we obtain dOTp and (fOHD . Then (IS!^ fohows from HOT]) . Differentiating (iOOll 
w.r.t. tj, we conclude that (I5.30p holds here with p — tj replaced by oo. Letting w — >• ij{tj) in 
M.\'gj{tj,Ki^k{tk)) we obtain (15.31j) . Differentiating (I5.30p w.r.t. tj and letting w — >• ij{tj) we 
obtain ()5.32p with p — tj replaced by oo. 

We can obtain ()5.33p . (I5.34p . ()5.35p . and (I5.36P using the argument there. From the defini- 
tion of inverted disc Loewner maps and (|6.5p we obtain (j5.37p with Ip-t^, replaced by /q, and 
()5.38p with Ip-tj replaced by /q. Using these formulas we obtain (I5.39j) . which together with 
(lOSll implies (fOOD . For j = 1,2, let Xj be defined by (fOT]) . Then (ICTIl holds. Let Q be 
defined by (OHI) . For j = 1, 2, let Aj^h, /i = 0, 1, 2, 3, and Aj^s be defined by (Oi]) and (l5^ . 
Then (f5:i6D - (f532]l stih hold. 

From Lemma l2.H we have 

g = 0(e-'^), asm^oo. (6.6) 

From Lemma 15.51 we see that, for j = 1, 2, 

hi{Aj^i),Aj^s = 0{Ta.e~'^), as m oo. (6.7) 

From [lOJ, tj is the whole-plane capacity of Kij{tj), so diam(i^'/j (tj)) < 4e*J. Since £ 
Kij{tj), Kij{tj) C {|z| < 4e*^}, which implies Kj(tj) C {\z\ > e'^^ /A}. Thus, if ti + t2 < 
— ln(16), then the annulus {4e*i < \z\ < e~*2/4} separates Ki^i{ti) and K2{t2)- So we have 

{(ti, ta) G : ti + t2 < - ln(16)} C V, (6.8) 
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m(ti,i2) > -tl -t2 -ln(16), if (ti,t2) ^V. 
From ^M), dSZl), (ESI), and ^M), we see that 



(6.9) 



Ai,i{ti,t2?A2,i{ti,t2fQ{ti,t2)=0{e'^+'-'), as ti + ^ -oo. 

Define on I? by (j5.53p witli the lower bounds replaced by — oo. From Lemma [5.51 A^^s — ^ 
as tj — )• —CO. Thus, (|5.54p still holds here, and 

ln(F(ti,t2)) = r A^^s{siM)dsi= r f''f^''/'2 ■ Ai,i{si,t2fdsi. (6.10) 

J-oo J-oo -4l,l(Si,t2)^ 

From ()6.7p we have = 0(me~™). By changing variable using x = x(si) = m(si,t2) in 
(|6.10p . and using (I5.25p . we conclude that 

ln(F) = ©(me"""), as m ^ oo. (6.11) 

Let A, Ai, and A2, be as in Theorem 16.11 Let F be given by Lemma 15.41 Since the average 
shift of A is s = 0, F = Fo satisfies (j5T2]l . Let Fi = F, and F2(t,3;) = F(t, -x). Then for 
j = 1,2, Kj and Tj satisfy dHU, ([521), and ([5T2]l . Define y on P by ([5371) . Since Fi satisfies 

dsn, 

ln(y) = o(m) as m — )• 00. (6.12) 



6.4 Martingales in two time variables 

In this section, we will construct M{ti,t2) on T>, which is a local martingale in one variable, 
when the other variable is fixed. The argument here is parallel to that in Section 15.31 The 
difference is that the time variables here often run in the intervals of the form (— oo,r) instead 
of [0,T), and we will apply Lemma l6. II instead of the traditional Ito's formula. 

Let {B['^\t)) and {B2^\t)) be two independent pre-(T; K)-Brownian motion. Let = 
B - (t), t £ M, j = 1, 2. We adopt the notation in the prior section. Then Kij{t), j = 1, 2, are 

whole-plane SLE^ processes in C from to 00. For j = 1, 2, let (J"/)tg]R be the complete filtration 
generated by e'(^j(t)). The whole-plane Loewner objects driven by are all (J^/)-adapted, 
because they are all determined by (e*(^j(t))). It is easy to check that for j / /c G {1,2}, 
the processes (K/j, (t^)), (gi,j,tk{ij,-)), {Aj,h), h = 1,2,3, (^j,s), {Gij,tj{tk,-)), {Gij,tj{tk, ■)), 
(e'(CiA(ii))), (e'iXj)), (m), (H^ )(m,Xi)), (F,(m,X,)), (A,(m,X,)), (Q), (F), and (Y) defined 
for (ti,t2) £ ^ are all (J^/^ x 7"|,)-adapted. This is not true for (vlj,o = ^j,t,,{tj)) and (Xj), but 
is true for their images under the map e*. 

Fix ri,r2 G M with ri -\- r2 < — ln(16). Fix j ^ k £ {1,2}, and an (J^/^)-stopping time 
tk S (— oo,r2]. Since ri + t2 < ri + r2 < — ln(16), from (j6.8p . Tj{tk) is bounded below by rj. 
Let = Tl X J-/;. Then (J-/'*'=) 

~oo<tj<oo is a filtration, Tj{tk) is an (J-"j' *)-stopping time, 
and ij{tj) is a pre-(7"jJ*'')-(T; fi:)-Brownian motion. 
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Using ()5.3ip . (|5.4ip . (|5.44p . ()5.49p . and Lemma leTTl we conclude that (|5.56p also holds here. 
Then ()5.58p follows from (j5.57p . Let a. and c be as in (|5.59p . Using (j5.32p with -p — tj replaced 
by oo, we see that (|5.60p holds here with p — tj replaced by oo. 

Define M onV not by i!i5M\i and (ISlMjl but by 

M = Al^Al^F-T,Yexp{a'R{m)). (6.13) 

Then M is {T^ x ).adapted. Using Lemma EH ([23]), (fCTp . dOS]) . (|530]) . (|53i]l . ([538]) . 
and (|5.6Up with p — replaced by cxd, we compute 



djM 
M 



^^■'VA,(m,X,)ylJ^M^. (6.14) 



2JAu 



So M is a local martingale in tj when t^. is a fixed stopping time bounded from above. 

From (|6.7p . (|6.1ip . (|6.12p . and that R(p) = 0{e~P) as p — )• oo, we see that there is a positive 
continuous function / on (0,oo) with lima;_i.oo fix) = such that 

|ln(M(ti,t2))| < /(m(ti,t2)). (6.15) 



Let J' denote the set of Jordan curves in C \ {0} that surround 0. For J £ J and j = 1, 2, 
let Tj{J) denote the smallest t such that Kj{t) n J 7^ 0. Recall that Io{z) = 1/z and Kj{t) = 
lQ{Kij{t)). So Tj{J) is also the the smallest t such that Kij{t) n Io{J) / 0. Let Hj denote 
the closure of the domain bounded by loiJ)- Then Hj is an interior hull in C. Let Cj denote 
the whole-plane capacity of Hj. If Kij{t) C Hj, then t < Cj as t is the whole-plane capacity 
of Kfj{t). So we have Tj{J) < C,j. 

Let JP denote the set of pairs (Ji, J2) G J"^ such that Iq{Ji) n J2 = and Iq{Ji) is 
surrounded by J2- This is equivalent to that /o(<^2) H Ji = and /o(J2) is surrounded by Ji. 
Then for every (Ji, J2) G JP, i^/,i(ti) n ^2(^2) = when ti < Ti{Ji) and ^2 < ^2(72), so 
(-oo,Ti(Ji)] X (-oo,r2(J2)] C V. 

Proposition 6.1 (Boundedness) Fix (Ji, J2) G JP. (i) |ln(M)| is bounded on (— oo,Ti(Ji)] x 
(— oo,T2(J2)] by a constant depending only on Ji and J2. (ii) Fix any j k £ {1,2}. Then 
ln(M) as tj — )• —00 uniformly in tk € (— c«, Tfc( J^)] . 

Proof, (i) From (|6.15p it suffice to show that m is bounded away from on (— oo,ri(Ji)] x 
(—00, r2(J2)]. Let i7(/o( Ji), J2) denote the doubly connected domain bounded by /o(<^i) and J2. 
Let po > denote its modulus. For (ti,t2) G (— co, ^i(-^i)] x (— 00, T2( J2)], since r2(/o(</i), ^2) 
disconnects Ki^i{ti) from K2{t2), we have m(ti,t2) > Po- (ii) This follows from (j6.8p . (|6.9p . 
dHU), and that rfc(Jfc) < Cj^ < 00. □ 

Let V = V U {(ti,— 00) : ti G [—00, cxd)} U {(—00,^2) : h S [—00,00)}, and extend M to 
D such that M = 1 if ti or t2 equals —00. From Proposition 16. H we see that M is positive 
and continuous on P. So for any fixed j ^ k £ {1, 2} and any (J^j'^)-stopping time t^ which is 
uniformly bounded above, M is a local martingale in tj G [— 00, Tj{tk))- 
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6.5 Local coupling and global coupling 

Let /ij denote the distribution of (^j), j = 1, 2. Let fi = fiix fi2- Then /i is the joint distribution 
of (^i) and (^2)) since ^1 and ^2 are independent. Fix (Ji, J2) G JP. From the local martingale 
property of M and Proposition 16. H we have E^[M(ri(Ji), T2(J2))] = M(— 00,— 00) = 1. 
Define z^j^^jj by di'j-^j^ = M{Ti{Ji),T2{J2))d^. Then i^ji,j2 is a probability measure. Let vi 
and 1^2 be the two marginal measures of i'j^,j2- Then dui/d^i = M(Ti(Ji), — 00) = 1 and 
di'2/d^2 = -^(— CO; T'2( J2)) = 1, so z^j = /ij, J = 1, 2. Suppose temporarily that the distribution 
of (Ci)'^2) is '^Ji,J2 instead of fi. Then the distribution of each (^j) is still /ij. 

We may now use the argument in Section [5.41 with a few changes. Here M(ti,t2) satisfies 
(j6.14p instead of (|5.64p ; ^j(tj) does not satisfy (|5.55p . but is a pre-(T; K)-Brownian motion; 
Lemma 16.21 and Lemma 16.31 will be used in stead of the traditional Girsanov theorem and 
time-change. Eventually, we can conclude that, under the probability measure I'Ji^Jz, for any 
j ^ k € {1)2}, if tk is a fixed (J^/^)-stopping time with < Tk{Jk), and gk{t, ■), —00 < t < 00, 
are the inverted whole-plane Loewner maps driven by ^k, then conditioned on Tj^ , after a time- 
change, gkitk, Kij{tj)), —00 < tj < Tj{Jj), is a partial disc SLE(k, Aj) process in D started 
from with marked point e*(^fc(tfc)). 

The proof of Theorem 16.11 can be now completed by constructing a global coupling from 
the above local couplings. Here we need Proposition 15.21 with the lower bound "[0," and upper 
bound of the intervals replaced by "[—00," and ",00]". This can be be proved using the 

same idea as in the proof of Theorem 6.1 in [28]. 

6.6 Coupling of skew whole-plane SLE 

Definition 6.1 Let k, > and s G M. The family of radial Loewner hulls driven by ^(t) = 
^/KB{t) + st, < t < 00, is called a radial SLE{k,,s) process in D from 1 to 0. The radial 
SLE{k, s) process in a simply connected domain from a boundary point to an interior point 
is defined via conformal maps. The family of whole-plane Loewner hulls driven by ^{t) = 
B^'^\t) -\- st, t ^ M., is called a whole-plane SLE(k,s) process in C from to 00, where B^'^^t), 
t G M, is a pre-{T; K)-Brownian motion. Via conformal maps, one can define the whole-plane 
SLE{k, s) process in C from one point to another point. 

Remarks. 

1. The whole-plane SLE(k,s) is related to the radial SLE(k, — s) in the same way as the 
whole-plane SLE^ is related to the radial SLE^. 

2. The image of a radial or whole-plane SLE(k, s) process under a conjugate conformal map 
is a radial or whole-plane SLE(k, —s) process. 

3. The (3i{t) defined by p.5p exists for all i G M, and /3/(t) is a continuous curve with 
limj_>._oo /3i{t) = 0, and for any t G M, C \ Ki{t) is the component of C \ /3/([— 00, t]) that 
contains 00. This /?/ is called a whole-plane SLE(k, s) trace. If /t < 4, /?/ is a simple 
curve, and Kj(t) = /?([— oo,t]) for any t G M. 
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We will prove the following theorem, which extends Theorem 16.11 

Theorem 6.2 Fix n > 0. Suppose A is a crossing annulus drift function that solves lil.l]) and 
has average shift s G M. Let si = s, S2 = —s, Ai = A, and A2 be the dual function of A. Then 
there is a coupling of two processes: Kj^i{t), —00 < t < 00, and Kf^2{t), —00 < t < 00, such 
that for j 7^ k G {1,2}, the following hold. 

(i) Kjj(t), —00 <t < 00, is a whole-plane SLE{K,Sj) process in C from to 00; 

(a) Let tk be a finite stopping time w.r.t. {Ki j.{t)). Then conditioned on Kji^{s), —00 < 
s < tk, after a time-change, the process gk{tk, Kij{tj)), —00 < tj < Tj{tk), is a disc 
SLE{k, Aj) process in D started from with marked point e^ {£,k{tk)) , where is the driving 
function for {Kj^k{t)), gkit, •), —00 < t < 00, are the inverted whole-plane Loewner maps 
driven by ^k, CLnd Tj{tk) is the maximal number in M such that Kjj{t) n LQ{Kj^k{tk)) = 
for -00 < t < Tj{tk). 



We adopt the notation in Section 16.31 Almost all statements in Section 16.31 still hold here 
except that r,ri,r2 may not satisfy (j5.12p . and (j6.12p may not hold. However, since the 
average shift of A is s, the given by Lemma [5.11 satisfies (I5.12p . Let r^^i = Tg and Ts^2{t, x) = 
Ts(t, —x). Then for j = 1,2, Tsj satisfies (j5.12p . Define Yg on D by 



Then 

From (15.51) 



n = F,,i(m,Xi)=F,,2(m,X2). 

ln{Ys) = o(m), as m — 00. (6.16) 

" ' 2 2 

ln(y) - ln(y,) = ^Xi + ^ m = ^^2 + ^ m . (6.17) 

We now adopt the notation in Section 16.41 with a few exceptions. We now let £,j{t) = 
B'f\t) + Sjt instead of ij{t) = B^^\t). Then Kij{tj), tj G M, is a whole-plane SLE(k,Sj) 
process. Suppose that the processes (^1) and (^2) are independent. Define Mq to be the M in 
(j6.13p . and now define M by 

M = Mo n exp ( - '-^^j{tj) + %j) . (6.18) 
Then ()6.14p holds for Mq. Since dS,j{t) = dB'f'\t) + Sjdt, from Lemma [6Tl we have 



M 



K\ A 



■i,2 



dB 



(k) 

j 



+ Aj{m, Xj)Aj^i - Sj — (6.19) 



So M is a local martingale in tj when tk is a fixed stopping time bounded from above. 
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We claim that Proposition 16. II still holds for the M defined here. Let 

Ms = Afi^lf iF-ty,exp(aR(m)). 
From (I6.16[) we see that Proposition 16.11 holds for Ms- From (]6.13p and (16.17P we have 

2 

ln(M) - ln(M,) = -(Xi - + 6) + ^(m+ti + ta). 

Then Proposition 16.11 (for the M here) follows from Proposition 16.21 below. 

Let denote the distribution of (^j), j = 1, 2. Let jj, = x /i2. Fix (Ji, J2) G JP. Define 
^Ji,J2 by duj-^j^ = M{Ti{Ji),T2{J2))dfi. From Proposition 16.11 and the martingale property 
of M, z^ji,j2 is a probability measure. Let i^i and 1^2 be the two marginal measures of z^ji.jj- 
Then i/j = fij, j = 1,2. From (I6.19p . Lemma 16.21 and Lemma 16.31 we conclude that, under 
the probability measure z^ji.jj, for any j / /c G {li^}, if is a fixed (J^/^)-stopping time with 
tk ^ Tii.{Jk), and gkit,-)i ~oo < t < 00, are the inverted whole-plane Loewner maps driven 
by ^k, then conditioned on J^/^^, after a time-change, gk{tk, Kjj{tj)), —00 < < Tj{Jj), is a 
partial disc SLE(K,Aj) process in D started from with marked point e*(.^fc(tfc)). Arguing as 
in Section \6.5\ we get a global coupling from the local couplings. So the proof of Theorem 16.21 
is completed. The only thing left is to prove the the proposition below. 

Proposition 6.2 Fix (Ji, J2) € JP. (i) \Xi — ^1 + ^2! (md |m+ti + ^2! ore bounded on 
(— oo,Ti(Ji)] X (— oo,T2(J2)] by constants depending only on Ji and J2. (ii) For any j 7^ 
A; € {1, 2}, — ^1 + ,^2 — and m +ti + ^2 — ^ as tj — )• —00, uniformly in tk G (—00, Tk{Jk)]- 

Proof. Recall that Tj{Jj) < Cj. < 00 for j = 1,2, and m > po > on (— oo,Ti(Ji)] x 
(— 00, r2( J2)]. If there is no ambiguity, let Cl{A,B) denote the domain bounded by sets A and 
B, and let mod(j4, B) denote the modulus of this domain if it is doubly connected. 
FVom dSai]) we have Xi(ti,t2) = G/,2,t2(ii,6(ii)) - 5/,i,i2(*i,C2(t2)). So 

\Xiiti,t2)-Uh)+Ut2)\ < |5/,M2(ii,e2(t2)) -6(^2)1 + |G/,2,t2(ti,6(ti)) (6.20) 

From (f3T5]l we have limtj^.oo 5/,i,t2(ti, 6(^2)) = ^2{t2)- From K2E\i . (iOSl) . and LemmaEH 
we see that there is a deterministic positive decreasing function f{x) with lima;_^oo fix) = such 
that \gi,i,t2{h,^2it2)) -6(^2)1 < /(m(ti,t2))- Since m > po on (-oo,ri(Ji)] x (-00, r2( J2)], 
\gi,i,t2{ti,C2{t2)) - ^2(^2)1 is uniformly bounded by f{po)- From (|6.9p and that T2{J2) < Cj^, 
we see that 5/,i,t2(*i;C2(i2)) - 6(^2) — > as ti -00, uniformly in t2 G (-00, T2( J2)]- 
Now we consider the estimation for |G/^2,t2(^i) Ci(^i)) ~ Ci(^i)l- From (15.21j) we have 

G/,2,t2(ti, •) = 5i,t2(ii, •) o ?/,2(i2, •) o 51 (ii, •)"'• (6.21) 

Let zo G C \ iiri(ti) \ Kj^2it2), wi = gi(ti,Zo), W2 = gi,2(t2,Zo), and W3 = 5i,t2 "^2)- From 
(lO) . (iOD . and ([631 we see that 

l-wi - (zo - iti)| < 4e*i-i'^^o < 1/2, if ti < Lnzo - ln(8); (6.22) 
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k2-(^o + it2)| <4e*2+^"'"° < 1/2, if i2 < -Imzo-ln(8); (6.23) 
ks - (1^2 + im)| < 10e~'""^™"'2 < 1^ if Imws + m > ln(13). (6.24) 

Let J be a Jordan curve separating Ji and Let pi = mod(J, Ji) and p2 = mod(J, J/,2)- 
Let J = {e'^)~^{J). Let hm = infjlmz : z G J} and Hm = supjlmz : z G J}. Then both /i^ 
and hjyf are finite. For j = 1,2, there is /ij > depending only on pj, such that, if K C D 
is an interior hull with E IT and mod(D \ K) > pj, then K C {l^l < e"''^}. If ti < ri(Ji), 
then Ji disconnects J from i^i(ti), so mod(J, Xi(ti)) > pi. Since r2( J, i^i(ti)) is mapped by 
gi{ti,-) conformally onto Q{gi{ti, J),T) C D, mod(5fi(ti, J),T) > pi. Since gi{ti,J) surrounds 
0, gi{h,J) C {|z| < e-'^i}. ^Sinceji(ti, J) = {e')-\gi{h, J)), gi{h,J) C {Imz > h^}. 
Similarly, if t2 < T2(J2), then 51 (ti, J) C {Im^; < — /i2}- If h < 7i(Ji) and t2 < 12(72), then 
5i,t2(*i) ')°gi,2it2, •) maps C\i^i(ti)\i^'/^2(i2) conformally onto Am. A similar argument shows 
that the image of J under this map lies in {e~ < |z| < e~^^}. Thus, gii^jj (ti, 0^/ 2(^2, '^)) C 
{/ii < Imz < m— /12}, if ii < Ti(Ji) and ^2 ^ ^2(<^2)- 

Suppose that zq G < Ti{Ji), and i2 < T2{J2)- We still let wi = 5i(ti,2:o), 1^2 = 

gi,2{t2, zq), and t^s = 51,42(^1, ^12). From the prior paragraph, we see that Im^i(s,zo) > hi for 
s < ti, lmgf^2{s, Zq) < — /i2 for s < t2, and m(s,i2) — ^2 > 5i,t2(s, 1(^2) > ^1 for s < ti. From 
([6T]) we have |5t5i(s, zq) + i| < pr^, for s < ti. Similarly, \dtgi,2{s, zq) - i\ < for s < t2. 

If ti < Imzo - ln(8), then from (H^SI), \wi - (zq - iti)\ < 1/2. If h > Imzo - ln(8), we let 
t'l = Imzo — ln(8), and w[ = gi{t'i, zq). Then we have \w[ — (zg — it[)\ < 1/2. From the bound 
of \dtgi{s, Zq) + i|, we see that 

\( m;^ ( ' ^ vMl <- 2(^1-^1) ^ 2Cj, -2(Imzo-ln(8)) 2Cj, + 2 ln(8) - 2/i^ 



Let Ai = + max{0, ^"-^-^i } . Then in general, we have 

\wi - {zq - iti)\ < Ai. (6.25) 
Similarly, let A2 = \ + max{0, ^'^■^2 "^^^'"^^^^''"^^^'^ } . In general, we have 

\W2 - {zq + it2)\ < A2. (6.26) 

Since Imzo > h^, we have 

t2 - lm.W2 < A2 - Ira Zq < A2 - hm- (6.27) 

If Im7i;2 + m(ti, t2) > ln(13), from (|6.24p . we have — {'W2 + iioa{ti,t2))\ < 1. Now suppose 
that Imi(;2 + m(ti,t2) < ln(13). We may choose t'l < ti such that Imti;2 + m{ti,t2) = ln(13). 
Let w'^ = gi^t2{t'iT'W2)- Then we have \w'^ — {w2 + im(t'^,t2))| < 1- For s < ti, since hi < 
Imgi^t2{s,'W2) ^ rn{s,t2) — /12, from Lemma |2. II we have 



\Hi{m{s,t2),im{s,t2) - gi,t2{s,W2) + Ci,t2{s))\ < ^-h-,\3- 



(1" 



46 



Since H/(m, z) + i = H/(m, z — im) = — H/(m, i m —z), we have 

_ 4e-'ii 
\ll{m{s,t2), gi,t2{s,W2) - ^i,t2{s)) + i\ < _ ^_hi^3 ^ ^ - 

Let Co = (^lgI4)3 - dSSS]), (lOSll . dlJ]), (iOTl) . and the above inequahty, we have 

1(^3 - im(ti,t2)) - {w'3 -iin{t[,t2))\ < Co(m(4,i2) - m(ti,t2)) 
< Co(ln(13) - Imu;2 + ti + t2 + ln(16)) < Co(hi(13) + ln(16) + Cj, + A2 - h^). 

Let ^3 = l + max{0,Co(ln(13)+ln(16) + Cji +^2-/im)}- Then |w3 - (u;2 + ^ ni)| < A3 always 
holds, which together with (j6.25p and (j6.26p implies that, for any ti < Ti(Ji) and ^2 ^ T2{J2), 

\Gi^2,t2{ti,wi)-wi-i{m+ti+t2)\<Ai + A2 + A3, wiegi{tiJ). (6.28) 

Now J) is a curve with period 27r above M, the function w 1— >• Gj^2,t2 (^i; ^) ~ ""^ has period 

27r, is analytic in il.(gi{ti, J),]R), and its imaginary part vanishes on M. From Schwarz reflection 
principal, this function extends analytically to Q(gi{ti, J), Io(gi{ti, J))). Applying Maximum 
principle to the real part of this function, and using (I6.28p . we conclude that 

|G/,2,t2(ti,ei(ii))-ei(ii)l <Ai+A2 + As, if ti < ri(Ji) and < ^2(72). (6.29) 

We claim that it can not happen that Im G/^2,i2 (*i) ■"^) — Imw > for all w E 51 (ii, J). As- 
sume that the claim is false. Choose ro > such that M^q lies below gi(ti, J). Prom Maximum 
principle, we have ImGi ^2,12(^1 t''^) ~ Initf > for all w £ M^q. So there is ri > tq such that 
ImG/,2,t2(ii,^^) >n onMro. Since G/,2,i2(ii, •) o = o G7,2,t2(*i, •), |G/,2,i2 (*!, i«)| < on 
Trg. Since ^7-^2,42 (*i) ") is conformal, it maps A^g conformally onto J7(G/^2,i2 (*i) TTro)) TT)- How- 
ever, mod(G/_2,i2(^i) TTro)) IT) > "Ti, which is a contradiction. So the claim is proved. By arguing 
on the inverse of G/,2,t2 (^i) ') we can conclude that it can not happen that ImG/_2,t2(^i) ''^) ~ 
Imit; < for all w G gi(ti, J)- From continuity of G/_2,t2(^i) ")) there is wq G 51 (ti, J) such that 
ImG/^2,t2(*i) ^0) — Imii^o = 0. Let wi = wq in (I6.28p . We get 

|m+ti + t2| < ^1 +^2 + ^3, if ti < Ti(Ji) and t2 < r2(J2). (6.30) 

Since we can choose J arbitrarily, Ai, A2, and A3 eventually depend only on Ji and J2. So 
part (i) follows from (16.29p . (16.30p . and the bound of |5/,i,t2 (*!> ^2(^2)) — ^2{t2)\- 

Now suppose ti+t2< -1 - 21n(13) - 21n(16) and Imzo = ^1^. Then 

Imzo-h = -lmzo-t2 = -^^"^ > ^ + ln(13) + ln(16) > ln(8). 
From ([6:22]) and (iOSjl we have 

tl+«2 1 

\wi - {zo - iti)\,\w2 - {zo + it2)\ < 4e— < -. (6.31) 
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From ()6.9p . ()6.3ip . and the upper bound of h + t2, we have 

Imy;2 + m > Imzo + ^2 - ^ - - ^2 - ln(16) = +^2 + 1 _ i^f^^Q-^ > ln(13). 
Thus, from (j6.24p and the above inequahty we have 

\giMiti,W2)- {w2 + im}\ < lOe-'^-^'^'"^ < 264e^. (6.32) 
From (lOTI) . dOT]) . and (l6:32|) we see that if ti+t2< -1 - 21n(13) - 21n(16), then 

~ 'l+*2 ^ 

|G/,2,t2(ti,^i'i) -u'l -i(m+ti +f2)| < 272e— , wi e gi{ti,R^t^^t^y2)- (6-33) 
From Schwarz reflection principal, Maximum principle, and ()6.33p . we have 

|G/,2,t2(ti,6(ti)) - ei(ii)l < 272e^, if ti + t2< -1 - 21n(13) - 21n(16). (6.34) 

There is wq G gi{ti,R(^ti-t2)/2) such that ImG/^2,t2(^i) '"^o) — Imifo = 0. Let = wq in (j6.33p . 
We get 

|m+ti + t2| < 272e^, if ti + t2 < -1 - 2 ln(13) - 2 ln(16). (6.35) 

Since T2{J2) < C'jj, from (j6.34p and (j6.35p we see that as ti — )• — oo, G'/^2,t2(^i5 '^i(^i)) ~ Ci(^i) 
and m+ti + t2 tend to 0, uniformly in t2 G (— oo, r2(J2)]. Since we have the same result for 
9/,i,t2(*i) ^2(^2)) — '^2(^2)5 from ()6.20p we see that Xi — ^1 + ^2 — ^" as — )■ 0, uniformly in t2 G 
(— 00, r2(J2)]. Interchanging ti and t2 in the above argument, we conclude that m+ti +f2 — ^ 
and X2 — ^2 + ^1 — ^ as t2 — ^ 0, uniformly in ti G (— 00, Ti( Ji)]. From (I5.42p we see that 
X2 — ^2 + '^i = — (-'^i — + '^2)) so we have Xi — (^1 + ^2 — as t2 — ^ 0, uniformly in 
ti G (— 00, Ti(Ji)]. So the proof of part (ii) is completed. □ 



7 Partial Differential Equations 

Throughout this section, we assume that k > and a G [0, ^). The purpose of this section 
is to find solutions to (j5.7p in these cases. We are most interested in the case when k G (0, 4] 
and fj = ^ — 1- Using Lemma |5.H Lemma 15.21 and the solutions found here, we then obtain 
solutions to (jl.ip 

For any n, j G N, we call an j-tuple A = (Ai, . . . , Xj) G N-' a partition of n if Ai > • • • > Aj 
and Ajt = n. The length of such partition is denoted by /(A) = j. Let Vn denote the set of 

all partitions of n. For example, (n) is the only element in Vn with length 1. Let Vn = IJneN^"^ 
denote the set of all partitions. 

7.1 Diffusion processes 

Fix r < 0. For x G M, let u{t, 2;), f > 0, be the solution to 

dtu{t^x) = Ttwih.2{u{t^x) + ^/KB{t))■, u(0, x) = X. (7.1) 
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Then X^{t) := u{t,x) + ^/KB{t) satisfies the SDE 



dX^{t) = ^dB{t) + rtanh2(X^(t))dt, X^(0) = x. (7.2) 
Lemma 7.1 For any x € M, we have a.s. Jq°° tanh2(X^(t))(it = oo and 

HmsupX(t) = +00, liminf = — 00. (7.3) 

t-s>oo t->oo 

Proof. Fix X G M. Let X{t) = X^{t). Define f{t) = cosh2(s)~ «^ds, t G M. Then / is a 
differentiable increasing odd function and satisfies + rtanh2/' = 0. Let Y{t) = f{X{t)). 
From (|7.2|) and Ito's formula, we have dY{t) = f'{X{t))^/lidB{t). Define a time-change function 
u{t) = jlKf'{X{s)fds. Since r < 0, f'{t) > 1, t G M. Thus, u{t) > t for ah t G M. So li 
maps [0, 00) onto [0, 00), and y(n~^(t)), < t < 00, has the distribution of a Brownian motion. 
Thus, (j7.3p holds with X replaced by Y , which then implies (j7.3p . 

Let To = 0. Define a sequence of random times r„, n G N, inductively. After defining T^-i, 
let Tn be the first t > T^-i + 1 such that X{t) = 0. From (j7.3p . a.s. all T^'s are well defined and 
are finite stopping times. Since X{t) is a homogeneous diffusion process, we see that, for any 
n G N, the sub-processes Xn{t) := X{Tn + i), < t < T„+i — T„, for n G N, are i.i.d. processes. 
Note that tanh2(3;) = ^ coshg ^(x) > for x G M. So 

rTn + l—Tn fTn + 1 

Rn := / tanh2{Xn{t))dt = / tanh'2{X {t))dt, n G N, 

are i.i.d. positive random variables. Since tanh.2{Xn{t))dt > Yl'^=o improper integral 

a.s. diverges to infinity. □ 

Lemma 7.2 For any 6, c > and x G M, 

¥[3t > 0, |X^(0| > + 6] < 26^(1^1-''). (7.4) 

Proof. First, it is well known that (j7.4p holds with Xx{t) replaced by x + y/KB{t). So it suffice 
to show that (|X2,(t)|) is bounded above by a process that has the distribution of {\x + y/KB{t)\). 
This can be proved by using Theorem 4.1 in [3]. Here we give a direct proof. 
Let Y{t) = \Xx{t)\ From ()7.2p and Tanaka-Ito's formula, we have 

y(t) = |x| + VKBo(t) + -r / tanh2(y(s))ds + L(t), t > 0, (7.5) 

where Bq^I) is a Brownian motion, L{t) is a non-decreasing function, which is constant on every 
interval of {Y{t) > 0}, and L(0) = 0. 

Fix to > 0. There is £ [0, to] such that L{t) is constant on [tg, to]- We may assume I'q is the 
smallest such number. There are two cases. Case 1: = 0. Then L(to) = -^^(^0) = -^^(0) = 0. 
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Since r < 0, from ([73]), Y{to) < |x| + ^Bo{t). Case 2: t'^ > 0. Then y(t'o) = 0. Since r < 0, 
from (I7.5j) . 

y(to) - |x| - ^/^Boito) < Y{t'o) - \x\ - V^Boit'o) = -\x\ - ^BoiQ. 
Thus, in either case, we have 

^(^o) < \A + ^/KBQ{to) + max{0, sup {-|x| - ^/KBQ{s)}}. 

0<s<to 

The RHS of the above inequahty defines a process that has the distribution of \x + ^/KB{t())\, 
^ (see [IZ]), so the proof is completed. □ 

Lemma 7.3 There are > 0, n G N, with Ci = I, such that 

I tan4"^(x)| < Cn tanh2(j;) < x e M, n G N. 

Proof. Note that tanh2(x) = ^cosh2^(x) G (0,1/2]. So the second "<" holds. By induction, 

(n) 

one can prove that for every n, there are a^ G M, < j < n — 1, such that 

n— 1 71—1 

tanh2"^(x) = a^"^ coshg ^^-^ (j;) sinh^(j;) = aj"^ cosh^^(x) tanh^(x). 
i=o i=o 

Since | tanh2(x)| < 1 and cosh2 ^ = 2tanh2, we may choose C„ = 2^. 1 4"^!. □ 

Lemma 7.4 For every m G N, there is a polynomial Pm{t) of degree m — 1 such that for any 
t>0 andxeR, \£^X^{t)\ < P^{t). 

Proof. Since Xx{t) = u{t , x) + -yiiB (t) , -^Xx{t) = u^'^\t,x). It suffices to show that for every 
m G N, there is some polynomial Pmit) of degree m — 1, such that 

\u^'^\t,x)\ < Pm{t), t>0, xGM. (7.6) 

Let fx{t) = rtanh2(X2:(t)). Since r < and tanhg > 0, fx{t) < 0. Differentiating fTT]) w.r.t. x 
and using u'{0,x) = 1, we get u'{t,x) = exp(/Q fx{s)ds) G (0, 1]. Thus, (I7.6p holds in the case 
n = 1 with Pi{t) = 1. 

Let n G N, n > 2. Suppose that (17. 6p holds for any m < n — 1. Differentiating (17. ip n times, 
by induction we find that there are bn{X) G M for A G Vn with bn{{n)) = r such that 

dtu^''\t,x) = 6„(A)tanhP)(X,(t)) J]n(^'=)(t,x), nW(0,x)=0. (7.7) 
AePn k=l 
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Suppose /(A) > 2, i.e., A 7^ {(n)). Then Afc < n — 1 for all k < /(A). From Lemma 17.31 and 
induction hypothesis, the term 6„(A) tanhg J^j,^^^^ x) is bounded in absolute 

value by a polynomial in t of degree Y^ki'^k — 1) = n — /(A) < n — 2. Let 

/(A) 

9At)= Yl tan4'(^)) (X, (t ) ) J] n(^'=) (t , x) . 

Ae'P„,/(A)>2 fc=l 

Then Ifi'xlOl bounded by a polynomial in t of degree n — 2. From (|7.7|) we have 

Let fix{t) = ex.p{fQ —fx{s)ds), t > 0. Then p.^ is a positive increasing function. Solving the 
above differential equation, we get u^"'\t,x) = fJ-x{t)~^ Jq fJ'x{s)gx{s)ds. So 

\u^''\t,x)\< fixity^ I fix{s)\gx{s)\ds < fixity^ f l^x{t)\9x{s)\ds= I \gx{s)\ds. 

Jo Jo Jo 

Since |5x('S)| is bounded by a polynomial in s of degree n — 2, \u^"'\t,x)\ is bounded by a 
polynomial in t of degree n — 1. Thus, (|7.6p holds in the case m = n. The proof is completed 
by induction. □ 

7.2 Some estimations 

We will need some estimations about the limits of H/ — tanh2 as t — >• 00. Let 

H/,5(t, z) = H7(t, z) - tanh2(z). (7.8) 

From (|2.13p we have 

Hj q(t,x) = tanh2(x — nt) = - cosh^^(x — nt) > 0. (7-9) 

2|n^0 2\n=/=0 



Lemma 7.5 Let Cn, n G N, &e as in Lemma \773\ Note that Ci = 1. Then 

\x\ 2e~* 

^ + 3 + 1 

t 1 — e 

.2 1 -e 

Moreover, for any c > 0, 



Hj,g(t,x)| < Y + -^_g_2t ^ t>0, xeM. (7.10) 
H/'^'(t,x)| <cj^ + -i^), t >0, xGM, nGN. (7.11) 



2e('=-2)* 

|H/„(t,x)|<- ^, ift>0,xeR,\x\<ct. (7.12) 

]^ _ g 

^ (n) 4e('=-2)t 

|m:(t,x)| < C„ 3757, i/t > 0, X G M, |x| < ct, n E N. (7.13) 

1 — e 
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Proof. We first show ([71^ . From (|2J3]) and (US]) we have 

oo 

H/^q(t, x) = (tanh2(x — 2mt) + tanh2(x + 2mt)) 



m=l 

Jlmt „x JImt 



^ / e^'"* - e^"^* " ^-^n _ 2(e^ - e"^) 

/ ^ I p2mt _\_ pX ~^ p2mt _i_ p— z ) / > p2mt _|_ p—2mt _|_ _|_ p— x ' 



m=l m=l 

Thus, 

|H/,.(i,^)l<E^ = T3^- (7-14) 

m,=l 

Then (17.12P is a direct consequence of this inequahty. 

Secondly, we show (j7.10p . Since | tanh2(x)| < 1, from (|7.8p it suffice to show 

|H/(t,x)|<^ + 2 + ^^^. (7.15) 

We first consider the case |x| < t. From (17. 14p we have 

- - 2el^'l~^* 2e~* 

|H/(t,x)| < |tanh2(x)| + |H/,g(t,x)| < 1 + -^——^ < I + -^——^ . (7.16) 

Thus, (j7.15p holds in this case. 

Then we consider the case |x| > t. There exists m G N such that (2m — l)t < |x| < (2m+l)t. 
Since H/ is odd, we only need to consider the case that (2m — l)t < x < (2m + l)t. Let 
xq = X — 2mt. Then |xo| < t. From ()2.1ip we have ili{t,x) = 2m + H/(t,xo). From (|7.16p 
with x = xq we have 

\B.i{t,x)\ < 2m + |H/(t,xo)| < 2m + 1 + ^ < ^ + 2+ 



1 - - t 1 - e-2* ' 

where the last inequality uses > 2m — 1. So we have (j7.15p and (|7.10p . 

Thirdly, we prove that (j7.1ip and (|7.13p hold in the case n = 1. From (|7.9p we have 

< H'j,q(t,a;) = J2 ^cosh2^(|nt-x|) < ^ ^ cosh^'^ {\n\t - \x\) 

2|n^0 2|n^0 

= E cosh2 ^(2mt - |x|) < 4 E = ^ _ . (7.17) 

m=l 771=1 

Then ()7.13p in the case n = 1 is a direct consequence of this inequality. 
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Since Hj = ,j + tanh2 > Hj- ^ > 0, to prove (|7.1ip in the case n = 1, it suffice to show 

that ()7.1ip holds with \ilj^q\ replaced by Hj. From ()2.1ip . has period 2t. We may assume 
that |x| < t. From (j7.17p we have 

- , . 1 . _o . s . . 1 4e-* 



So (|7.1ip also holds in the case n = 1. 

Lastly, we show that (j7.1ip and (j7.13p hold in the case n > 2. From (j7.9p and Lemma 17.31 
we have 

\uf^l{t,x)\ = I tan4")(x-nt)| < ^ \ tanh^^\x - nt)\ 

2\nj^0 2|n^0 

< Cn ta,nh.2{x — nt) = Cnil J ^q{t,x). 

2|n.^0 

So (|7.1ip and (|7.13p in the case n > 2 follow from those in the case n = 1. □ 

Lemma 7.6 For every n £ NU {0}, there is a constant Dn > such that for any t > 0, x £ M, 

|5,HS(t,x)| < + 3 + (i + ^i^); (7.18) 

\d!U^;:!{t,x)\ <dJ4 + 3 + -^YC- + 7^)- (7.19) 



',9V - "V t ' ' l-e-2<; V2 l-e-2* 
Moreover, for any c> 0, 



|9tH^j(t,x)| < ^) , i/t>0, xER, |x| <ct; (7.20) 



\dfUl^{t,x)\ < ^n( ^_^_a ) , i/t > 0,x G M, |x| < ct. (7.21) 



Proof. Let A{t,x) = ^ + 3 + -^^^ B{t,x) = \ + and C,{t,x) = In this 

proof, by X < y we mean that there is a constant C such that X < CY. Here C may depend 
on n if X depends on n. From (TTTO]) . (jTTT]) . (f7T^ . and (f7l3|) . we see that 

|H7,g(t,x)| <^(t,a;), |Hg(t,x)| <S(t,x) <^(t,a;), x G M, n G N. (7.22) 

|H^(t,a;)| < Cc(t,x), if x G M, |x| < ct, n G N U {0}. (7.23) 

As t — >• 00, H/ —7- tanh2. Then (I2.14p becomes = tanh2 + tanh2 tanh2, which can be 
proved directly. From ()2.14p . ()7.8p . and the above equation, we get 

ajH/,q = u'l g + H/,gH/,q + tanh's H/,g + Uj^g tanh2 . (7.24) 
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Then fTTS]) and ([7:20]) in the case n = fohow from ([722]), dZSS]), l\7^ . and Lemma [731 
Differentiating (|2.14p w.r.t. x twice, we get 

9tH^ = H^ +H^H/ + (H^)2. 

Differentiating ([2.14p w.r.t. t and using the above two displayed formula, we obtain 

dlYii = uf^ + 2h7H/ + m'lUj + H7(H/)^ + 2(H'jfUi. 
As t — )• oo, this equation tends to the following equation, which can also be checked directly. 

= tanh2^^ +2 tanh2' tanh2 +4 tanh2 tanh2 + tanh2 tanh2 +2(tanh2)'^ tanh2 . 
From (|7.8p . and the above two equations, we compute 

dfHi,, = + 2Uj fii,, + 2tanh'2" H/,, + 2Uj fij,g + ^^l^Uj^^ 

+4Hj^g tanh'a + tanh2(H/,g)^ + 2h" gH/,g tanh2 +2 tan^' H/,g tanh2 
+H",,(tanh2)2 + HlgiHj^gf + 2iHj^gfUi,g + 4H^,g tanh'2 H/,, 

+ 2(tanh2)^H7-,g + 2{njgf tanh2 +4Hj ^ tan^ tanh2 . (7.25) 

Then ([TlOll and (I73T1) in the case n = follow from ([7:221) . ([723]), ([7:251) . and Lemma [731 

Differentiate ([7.24p and (|7.25p n times w.r.t. x. We see that dtHj g can be expressed as a 
sum of finitely many terms, whose factors are or tan4^\ k E NU {0}. In every term, the 

(k) 

factors of the kind H]^ ^ appear at most twice, and the factor Hi^q appears at most once. So 

we derive ([7l8D and (17:20]) from ([7:221) . (17:23]) . and Lemma [731 We see that dfUjg can be 

expressed as a sum of finitely many terms, whose factors are constant, H^'^^, or tanhg'^''. In every 

term, the factors of the kind nf^g appear at most three times, and the factor H/^g appears at 
most twice. So we derive ([719]) and ([7:21]) from ([7:22]) . ([7:23]) . and Lemma [731 ^ 

7.3 Feynman-Kac expression 

We begin with a lemma, which can be proved directly. Recall the definition of H/ in ([2.10p . 
Lemma 7.7 For ^ and ^ on (0, 00) x M, the following are equivalent: 

nt,x)=ei-.{^y^''^{^,^x). (7.26) 
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e 2Kt 



/f the above two equalities hold, then satisfies ^5. i/ and on/y i/ ^' satisfies 



(7.27) 



(7.28) 



As t — > cxD, Hj — > tanhg, so ()7.28p tends to 

- 9t$oo = -^$'4 + (Ttanh'2(x)$oo- 

2 

Let r be the non-positive root of the equation f;^ = ^ + f • We have 



T = k/4 - v^k2/16 + kcj. 
Then r = ^ — 2 when o" = - — 1. It is easy to check that (j7.29p has a simple solution: 



(7.29) 



(7.30) 



*oo(i, a^) = e 2« coshg (x). 



(7.31) 



Recall the H/^g defined in (j7.8p . The proof of the following lemma is straightforward. 

Lemma 7.8 Let ^ anc/ ^'g 6e defined on (0,oo) x M, and satisfy ^ = ^'oo^g, where "^^o is 
defined by ^7.31 ). Then ^ satisfies \7.2^ if and only if^q satisfies 



dt^g = -^'g + rtanhs + aHj^g^q. 



(7.32) 



Suppose solves ([7^32]) . Let Xx^,{t) be as in ([7?2|) . Fix to > and xq € M. Let 



M(t) = ^'g(to + t,Xxo(i))exp a / HjJto + s, X^^^{s))ds 



From (j7.2p . (j7.32p . and Ito's formula, we see that M(t) is a local martingale. If M{t) is a 
martingale on [0,oo], and — >• 1 as t — )■ oo, then from Mq = ^g(to,xo) we have 



(7.33) 



*g(to,a;o) = E exp a / Hj (to + s, Xxo(s))ds 



This Feynman-Kac formula holds under many additional assumptions. We do not try to prove 
it. Instead, we now define ^'^ by (|7.33p . We will prove that ^'^ is finite and differentiable, and 
solves ([732]). 
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7.4 Regularity 

Fix Co G (1 + ffj, 2). This is possible because a G [0, ^). Then we have 

o_ 2 



Throughout this subsection, we use C to denote a positive constant, which depends only on 
K, (T, Co, and could change between lines. The symbol X <Y means that X < CY for some C. 
Let a{t) = Y^=7t. Then t"^ + 1 < a{t) <t-^ + 1. For m G N U {0}, let 8m denote the event 
that < s + m for all s > 0. From ()7.4p we have 

P[<f^] < 2et(l^l-'"), mGNU{0}. (7.35) 

Proposition 7.1 is finite and satisfies 

1 < x) < exp {C{t~^ + l)e('=o-2)*) (1 + Ce^l^'l-^o*). (7.36) 



Proof. Fix t > and x G M. Assume that £m occurs for some m G N U {0}. If s > ^^2-i£a* then 
|^x('S)| < s + m < cq{s + t), so from (j7.13p with Ci = 1 we have 

4e(co-2){^+t) ^ ^ 

H,,,(t + .,X.(.)) < < «(t)e(--^)(^+*). 

If < s < ^1^, from -1 < CO - 2 and (fTTTD with Ci = 1, we have 

./ , . .^ 1 4e-(*+*) 1 

) < 

Since co — 2 < 0, at the event Em-, 



1 (m-cot)VO a(t)e(^o-2)* 

2 co-1 ^ 2 -co 



H;,(t + .,X.(.))d. < ± . + ; (7.37) 



Let H{t) = exp(o- ^i,q{t + s,X^{s))ds). From (I7:35|) and (17371) we have 

oo 

$,(t,x)=E[^^^^ji7(t)]+ ^ E[l^„^,\^„i7(t)] 



m=[cot\ 



- '^V 2-co ' V„ ^2 co-1 2-c„ ^ ' 

Change index using m = / + [cotj . The second term of the RHS of (j7.38p equals 

2expf^-^ + ^^ + ^^^^l^^lVexpf^^-^V (7 39) 

^""""Pl ^ K +2(co-l)^ 2-co Pl2(co-l) k)- ^^-^^^ 
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From ()7.34p . the infinite sum is finite. Thus, from (j7.9p . cr > 0, and (j7.38p . we have 



1 < ^q{t,x) < exp 



aa{t)e 



(co-2)i 



2 -Co 



1 + Ce- 



2\x\ 2cnt 



Then (|7.36p follows from this formula and that a{t) < t ^ + 1. □ 

Let n G N. Formally differentiate (|7.33p n times w.r.t. x. If the differentiation commutes 
with the integration and expectation at every time, then we should have 



= B\exp(a [ UjJt + s, X,is))ds) ■ Qo, 



(7.40) 



where Qo,n is a polynomial of degree < n without constant term in the following variables: 

f°° (k) d^^ 
vo,k,x{t):= u\^;^(t + s,X^{s))ll—^X^{s)ds, A:eN,AepN. (7.41) 



r=l 



With Qo,o = 1, (TriOD becomes (I7:33]l . Let n G NU {0}. Formally differentiate ([7^ w.r.t. 
t. If the differentiation commutes with the integration and expectation, then we should have 

9t$(")(t,x) = Efexp('a / Uj Jt + s,X^{s))ds) -Qi J, nGNU{0} (7.42) 



where Qi,™ is a polynomial of degree < n + 1 without constant term in the vo^k,xit) defined by 
(l7:iT]l and 



I dtil\^!j{t + s,X,{s))ll^X,{s)ds, fceN,AG7'NU{N°}. (7.43) 

r=l 



Here by A G N'' we mean that the factor Y\ g^Xr ^x{s) disappears. Moreover, in every term of 
Qi^n, factors vi^k,\ appear at most once. 

Formally differentiate (|7.42p w.r.t. t. If the differentiation commutes with the integration 
and expectation, then we should have 



52$W(t,x) = E [exp (a [ h' (t + s,X,is))ds) ■ Q2,„ 



(7.44) 



where Q2,n is a polynomial of degree < n + 2 without constant term in the wo,fc,A(*) defined by 
([731]), vi^k,x{t) defined by (17^ . and 

V2,Kx{t):= dln\l{t + s,X^{s))\{-^X^{s)ds, A; G N, A G U {N^}. 
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Moreover, in every term of Q2,n, factors f2,fc,A appears at most once; when a factor V2,k,\ 
appears, factors t'i,fc,A disappear; and when factors t'2,fc,A disappear, factors vi^k,\ appear at 
most twice. 

Now we suppose £m occurs for some m £ NU {0}. Using (|7.1ip . (|7.13p . (|7.4ip . Lemma [731 
and the argument in (j7.37p . we conclude that, for any k GN and A G V^, there is a polynomial 
Pk^x with nonnegative coefficients and no constant term such that 

\vo,k,x{t)\ < PkAim - cot) V 0) + Ca(t)e(^o-2)*. (7.45) 

Let j G {1, 2} and n E N U {0}. If s > then \X^{s)\ <s + m< co{s + t),so from I^LlO^i 

and ()7.2ip we have 

If m > Cot and < s < ^^^^Er^, from (j7J8|) . (j7J9]) . and the definition of £rn, we see that for 

ia^Ht^t,x.(.))i<z.j^+3+:^yYi+ 



^ fm — cot , 2e~* NJ/l 4e~* \ ^ 

< ^H^^ + CO + 4 + ^—-32^) (2 + Y^^) - ^("^ - + 

Thus, from Lemma [731 for A; G N and A G U {N°}, 

<«(iF"''(e('°"'^* + ^i,M(("i-cot)VO)), i = l,2, (7.46) 

where Pj,k,\ is a polynomial with nonnegative coefficients and no constant term. 

Let (}, n) G {0, 1,2} x (NU {0}) \ {(0,0)}. From (USSj), ^Mi), and the properties of Qo,n, 
n G N, Qi,n and Q,2,n, n G N U {0}, we see that, at the event Sm, 

\Qj,n\ < a{tf^[Pj,n{{m - cot) V 0) + Qj,n{{m - cot) V 0)a(t)"e(^«-2)t]^ (7^47) 
where Pj^n and Qj^n are polynomials with nonnegative coefficients, and Pj^„(0) = 0. 
Proposition 7.2 For (j, n) G {0, 1, 2} x (N U {0}) \ {(0, 0)}, 



E 



exp (^a j Uj^^{t + s,X^{s))ds^ ■ \Qj,n\ 



< exp (C{t-^ + l)e(^°-2)*) (t-"-2i + l)(e('=o-2)* + e^"^), (7.48) 
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Proof. Let i?j>(t) = exp i^a f^Uj^^{t + s,X^{s))dsj ■ |Qj>|. Recall that (17371) and (TTTTl) 
hold at the event £m- Using (j7.35p and the argument in (|7.38p and (|7.39p . we see that 

oo 

m= [cot J 

2\x\ 2cot 



^ exp 



(Ca(t)e(^«-2)*)a(t)2^+"e(^o-2)* + exp - ^ + Ca(t)e('=o-2)*) 



• ^ a{tf^ {P,,n{l + 1) + QjAI + l)a(t)"e(^«-2)*) exp ( " - - 
^ V2(co-l) 

Then (I7:i8]) follows from (173^ and that a(t) < + 1 and < ^-"-^i + 1. □ 



Theorem 7.1 T/ie function is C°°'°° differentiahle and solves ^7.32^ . Moreover, for j G 
{0, 1, 2}, n G NU {0}, there is a positive continuous function Cj^n{t) on (0, oo) such that for any 

t e (0,oo) and x G M, |(9/$i"^(t, x)| < c^- „(t)e^l''l . 

Proof. For n G N U {0}, define $f'"'(t,j;) and $f"'(t,x) to be equal to the RHS of 

(I7.40p . (I7.42P and (|7.44p . respectively. From the above two propositions, these functions are 
well defined, and there are positive continuous functions Cj^„(t) on (0,oo) such that 

|*S''"^(t,x)| <cj,„(t)eil"l, j = 0,l,2, nGNU{0}. (7.49) 

Let n G NU {0}, j G {0, 1,2}, t G (0,oo), and xi < X2 G M. Since I^J^'""*"^^] satisfies ([739]), 
from Fubini's Theorem, we have 

$[J>+I](t^^)rf^ = $J'>l(t,X2) - ^t^'^k^,^!)- (7.50) 

XI 

Thus, '"^ is absolutely continuous in x when t is fixed, and its partial derivative w.r.t. x is a.s. 
equal to . Since is continuous in x for fixed t, we see that ^q is continuously 

differentiable in x, and the partial derivative exactly equals ^'g'"^. The above holds for any 
n G N, so "^q'^^ is C°° differentiable in x when t is fixed, and '"^ is its n-th partial derivative 
w.r.t. X. Especially, since "^q = '^^q'^\ we see that "^q is C°° differentiable in x when t is fixed, 
and "^^q'""^ is its n-th partial derivative w.r.t. x. 

Let n G N U {0}, j G {0, 1}, x G M, and t2 > > 0. Since I^J'"^^'"^] satisfies ^Hm . from 
Fubini's Theorem, we have 

$5'+i'"l(t,x)dx = $[^'"](t2,x) - $f'"l(ii,a;). (7.51) 

il 
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Thus, ^'g'^'"^ is absolutely continuous in t when x is fixed, and its partial derivative w.r.t. t 
is a.s. equal to ^'q^'"', which is also absolutely continuous in t when x is fixed. So ^'g'''"^ is 
continuously differentiable in t when x is fixed, and the partial derivative exactly equals ^'g^'"^. 
As for j = 1, we can conclude that ^g^'""' is absolutely continuous in t when x is fixed, and its 
partial derivative w.r.t. t is a.s. equal to ^g^'"'. 

Let n G N U {0} and j G {0,1}. From (1730]) and fTlQ]) . we see that is locally 

uniformly Lipschitz continuous in x. From the prior paragraph we see that for any fixed x, 
^'g'"' is continuous in t. Thus, ^'g'"^ is continuous in both t and x. From ()7.50p and ()7.5ip . we 
see that $g = is (7^'°° differentiable. 



Fix to £ (0, oo) and xq € M. Let 



M{t) = E [exp (a^ H'^_g(to + s,X^^{s))ds 



t > 0. 



Then M{t), < t < oo, is a martingale. Since ^'g is defined by (j7.33p . we have 

M{t) = ^g{to + t,X^^{t))exp(a Uj ^ito + s, X^^{s))dsy (7.52) 

From (j7.2p . Ito's formula, and the differentiability of ^'g, we see that ^'g solves ()7.32p for t > to- 
Since this is true for any to G (0,cxd), ^'g solves ()7.32p . 

Since ^'g is (27^'°° differentiable, the same is true for the RHS of (j7.32p . Thus, dt'^q is also 
(71.00 differentiable. So ^'g is C^'°° differentiable. Iterating this argument, we conclude that ^'g 
is C°°'°° differentiable. From H^TbO^i and ([73T]) . we have = for any j G {0,1,2} 

and n G N U {0}. The bounds of follow from ([EM]). □ 



Theorem 7.2 Let vl^o = *g • *oo, where "^oo is defined by fJ7JJ\ ). Then vJ/q is a positive C°°'°° 



differentiable function on (0, 00) x M and solves ^7.28\ ). Moreover, j G {0, 1, 2}, for n G NU {0}, 
there is a positive continuous function Cj^„(t) on (0, c«) such that, for any t G (0, 00) and x G M, 
|5,^^$i")(t,x)| <c,-„(t)eil-l. 

Proof. Since ^'g and ^'oo are both positive and C°°'°° differentiable, the same is true for 
$0 = $g • $oo- Since $g solves (j7.32p . from Lemma \7M $0 solves (j7.28p . From Lemma [7^ 
()7.3ip . and that r < 0, we see that for any j,n G N U {0}, |a^$^^(t, x)\ is bounded by a 
positive continuous function in t, which, together with Theorem 17. H implies the upper bounds 
of\di^^^\t,x)\. □ 

Theorem 7.3 Let ^6 the ^ in ^7.21^ with ^ replaced by in the above theorem. Then 
^0 is a (7°°'°° differentiable positive function on (0, 00) x M and solves |5. 7p . Moreover, for 
j G {0, 1, 2}, n G N U {0}, t/iere is a function hj^nit^ which is a polynomial in \x\ for any 
fixed t, and every coefficient is a positive continuous function in t, such that for any t G (0, 00) 

andx£R, |a^'^'[,"^(t, x)| < /ij,„(t, |x|)e-5b+^ . 
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Proof. Since ^'o > 0, ^'o > also. The differentiability of ^'o is obvious. Since ^'o solves ()7.32p . 
from Lemma 17.71 ^'o solves (j5.7p . Let "^q{t,x) = \l'o(^, jx). Then we have From Theorem 
17.21 it is straightforward to check that for every j G {0, 1, 2}, n G N U {0}, there is a function 
fj,nit, which is a polynomial in |x| of degree j when t is fixed, and every coefficient is a 
positive continuous function in t, such that 

^■M/(")(t,x)| <4„(t,|x|)e^fN, t>0,xGR. (7.53) 

It is easy to verify that for every j G {0, 1, 2}, n G NU {0}, there is a function gj^n{t, \x\), which 
is a polynomial in and every coefficient is a positive continuous function in t, such that 

d{d:{e-^t{^)''+h) <gj^^{t,\x\)e-^t^ t>0,xGM. (7.54) 



From (!7.27p . '^o{t,x) = e~^{jy^^'i/q{t,x). So we get the upper bounds of |9/^'o"'^(t, x)| from 
(17351) and (f73D . □ 



Theorem 7.4 Let be as in the above theorem. Let ^'^(t, x) = ^o(^)^ ~ 2mii) for m G N. 

27r 

For s G M, let ^f^^^ = X^mez &~"^^^m- Then ^^^^ is a C°°'°° differentiable positive function on 

(0, oo) X M, and solves ( (5. 7| ). And A^^^ := '^■^^ ~ H/ is a crossing annulus drift function with 
average shift s. 

Proof. Since ^'o > 0) every > as well, and so is ^{s)- From the upper bound of 
\di'^^Q\t, x)\ we see that, for any j G {0, 1, 2} and n G N, the series 

5^ e^™^a,^'^W(t,x) = e'^^^dl^t\t,x- 2m7r) 

converges absolutely and locally uniformly. Let ^^^^\t,x) denote the sum of this series, which 

should also be continuous. Especially, = is continuous. Fubini's Theorem and the 

upper bounds of |^^'[,"^(t, a;)| together imply that, ^t^'J^ = and S^^'J^^ = ^f;"^^^ 

for j = 0, 1 and n G N U {0}. So ^' is C^'°° differentiable, and for any j G {0, 1}, n G N U {0}, 

Since ^'o solves (|5.7p . and H/ has period 27r, also solves (j5.7p for every m G N. Since 
(|5.7p is a hnear equation, for any G N, Ylm=-N ^~^^^m solves (15. 7p . Since for any j G {0, 1} 
and n G {0, 1,2}, 



N 



m=-N 



in) 



so by letting N — t- oo, we conclude that ^'^^^ solves ()5.7p as well. From (j5.7p we then conclude 
that ^' is C°°'°^ differentiable using the argument at the end of the proof of Theorem 17. 1[ 
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From the definition of we have 

ln(^(s>(i,2; + 27r)) = — s + ln(^(s> 2;)), t>0,xeR. (7.55) 

So A^s^ = K-^^ — H/ = 5a; ln(^'^5^) — H/ has period 27r. Thus, A^^^ is a crossing annulus drift 
function. Since H/ is odd, J^^'H.i{t,x)dx = 0. Thus, from ()7.55p . 

-Sfl-^dx = Kln(^'(,)(t,x))|^^ = 2tts. 

So the average shift of A^^^ is s. □ 
7.5 Distributions 

Proposition 7.3 Fix xq £ M and Iq G (0,oo). Let ¥x denote the distribution of (Xxg{t),0 < 

■S 

'I'D 



t < 00), where Xxg{t) is as in ( 7.2). Let ^0 be as in Theorem l.S, and $0 = Let Z^^if), 



< t < 00, he the diffusion process which satisfies the SDE: 

dZx,{t) = ^dB{t) + $o(to + i, Zx,{t))dt, Z^(0) = XQ. (7.56) 

-Let denote the distribution of {Zxg{t), < t < 00). Then ¥x and ¥z are equivalent, and we 
have ^ 

^q{to,xo)~^exp(a u'j g{to + s,Xxo{s))dsy (7.57) 



X 



Proof. Define Fz such that^dP^/cflPx equals the RHS of (|737| . From ([733]) . is a probabihty 
measure. Let N{t) = B[dFz /dFxlJ't]- Then N{t) = M{t)/^q{to,xo), where M{t) is defined 
by (|7.52p . Since ^'o = ^00 ^g, from (j7.52p and Ito's formula, we have 

dm^dmt)^ 5(to+t,x.„(t)) 

N{t) M{t) ^^{to + t,Xx,{t)y 

%ito + t,Xx,it)) _ ^'ooito + t,Xx,it)) \^^^^ 
^oito + t,Xxo{t)) $oo(io + i,^xo(i))^ 

Mto + t,Xx„{t)) tanha {Xx,{t))'^ . 

From Girsanov theorem, we get Fz = Fz, and so (j7.57p holds. Since o" > and Hj^q > 0, 
dFz/dFx > ^q{to,xo)~^ > 0. Thus, Fx is also absolutely continuous w.r.t. Fz- □ 
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Proposition 7.4 Let p > 0, s G M, and xo,yo £ I^- -^e^ ^0 ^fi Theorem 1 7. 51 Lei 

Aq = — H/. For m G Z, /ei /3m the covering annulus SLE{k, Aq) trace in Sp started from 

xq with marked point i/q + 2rmT + pi. Let ^'^^^ and A^^^ be as in Theorem \ 7.4\ Let f3(^s) be the 
covering annulus SLE(k, A(^g-^) trace in Sp started from xq with marked point i/q +pi. Let P^^, 

m £ Z, and P^^^^ denote the distributions of (3^, m ^Z, and respectively. Then 



Proof. For m G Z, let ^m(i), < t < p, be the solution to (|4.ip with A = Aq and yo replaced 
by yo + 2m7r. Let £,{s){^) be the solution to (|4.ip with A = A^g^. Then the covering annulus 
Loewner traces of modulus p driven by m G Z, and ^^^^ have distributions IP^,^, m £ Z, 

and IP^^g^) respectively. Let = ^m(i) — R'eg^'"(t,yo + 2m7r + pi) + Irrnr, m G Z, and 

-'^(s>(*) = C(s)it) - Reg^<=)(t,yo Since Reg{t,y + pi) = gi{t,y) for ?/ G M, and H/ has 

period 27r, from (j3.10p . we find that, for * G {m, (s)}, satisfies 

dX^(t) = ^/^dB{t) + ^^{p - t,X^{t))dt, X*(0) =xo -yo, 
where = k-^- Let Px,* denote the distributions of {X^{t)). Since for < t < p, 

=X,(t)+yo+ / ni{p-r,-X,{s))dr, 
Jo 

we suffice to show that (j7.58p holds with the subscripts "/?" replaced by "X" . 

Let fm = e^^^l^, men. Then < < 1, and Emez fm = 1- For any m G Z, 

since "^rn and ^'(s) both solve dSTT]), and = $(5), satisfies dtfm = ^fm + fm^(s)- For 

m G Z, let Mm{t) = fm{p — t, X(^g-^{t)), < t < p. From Ito's formula, each (Mm(t)) is a 
local martingale, and '^l^'^lf-j = i^m — ^{s)) '^^^ ■ Since < /m < 1, (Mm(t)) is a bounded 
martingale. Thus, Zm := linii^p- Mm(i) exists a.s. Since Y^.y^azf-m = 1, Zlmez ^"i = 1- Note 
that Mm(0) = fm{p,xo — yo) equals the m-th coefficient in (j7.58p . 

Define Fx,m by dFx,m/dFx^{s) = Zm/Mm{0). Then Px.m is also a probability measure. 
Let Nm{t) = B[dPx,m/dFx,(s)\^t] = M„(t)/M„(0). Then = (^>„ - «'(s>)^. From 

Girsanov theorem, we see that Fx,m = Fx,m- Thus, (I7.58P holds with the subscripts 
replaced by "X" because 
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8 Subsequential Limit Points 



Throughout this section, we fix K > 0, cr e [0, f ), and s G M. Let r < be defined by ([LSO]). 
We will prove that, for the A^^^ given by Theorem 17.41 the only subsequential limit point of an 
annulus SLE(k, A^^^) trace on the boundary is the marked point. The main idea is that the 
rescaled covering annulus Loewner equation is close to the strip Loewner equation when the 
modulus tends to oo, and the properties of strip SLE^ traces are better understood. 
Let p = 2r — 2 < —2. Fix r > and xq, yo € M. Let ^(t) and q{t), < t < oo, satisfy 

f dC{t) = ^dB{t) + f tanh2(e(t) - q{t))dt - H7,,(r + i, ^(i) - q{t))dt, ^(0) = xq; ,^ 
\ dq{t) = H,(r + t, q{t) - m)dt, g(0) = yo- 

Let X{t) = i{t) — q{t). Then {X{t)) has the same distribution as the {Xx(^^yf^{t)) in (j7.2p . 
Let g{t, ■) and K{t) be the rescaled covering annulus Loewner maps and hulls of modulus r 
driven by ^. Since {^)t = nt, we see that a.s. /3{t) defined by (|3.20p exists for all t > 0, and 
/3 is a continuous curve in U M such that for every t > 0, \ K{t) is the component of 
S,r \ (UmGZ ^"^^ + /^((O; ^])) t'^^t contains a neighborhood of in S^. By excluding an event 
of probability 0, we may assume that the above event holds for sure. 
Let zq S Mtt. Then g{t, zq) G for all t S [0, T). So we have 

9t?(t,zo) = H(r + t,Re?(t,zo) + vri-^(t)) =H/(r + i,Re5(t,^o)-e(i))- (8.2) 



Letting zq = yQ + tti, we find that g{t, yo + ^ri) = q{t) + vri for < t < oo. Differentiating (|8.2p 
w.r.t. z and using ^(0, •) = id, we get 

g'{t,zo) = exp(^j Uj{r + s,Reg{s,zo) - m)))dsy (8-3) 

Thus, g'{t,yo + vrz) = ex.p{J^'H.j{r + s,X(s))ds). From (|2.13p we see that Hj(r + s,a;) > 
tanh2(a;) > for x G M. Since {X{t)) has the same distribution as {Xxg-yo{t)), from Lemma 
17.11 a.s. g'{t, yo + ^ri) — )• oo as t — )• oo. Since 'g{t, •) maps S,r \ K(t) onto S^, and maps onto 
M,r- From Koebe's 1/4 Theorem, we conclude the following lemma. 



Lemma 8.1 Let £i denote the event that yo + vri G Uj K{t). Then P(<?i) = 1. 

Lemma 8.2 Let E\ he the event in Lemma \8.1\ Assume that E\ occurs. Then for every 
yi G M \ {yo}, Reg{t, yi + ni) — q{t) tends to (yi — yo) • oo as t ^ oo. 

Proof. Fix any yi > yo. Let p{t) = Reg{t,yi + ni), t > 0. Then p'{t) = H/(r + t,pit) - ^(t)). 
From (j8T3|) and that Hj(r + t, •) > on M we see that 

ryi 

p{t) — q{t) = Rey(t, yi + tti) — Reg(t, yo + tti) = j g'(t, x + 7ri)dx 
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increases in t. So p{t) — q{t) > yi — yo > for any t > 0. Let /q = {2: G : Rez < yo}, 
/i = {z G M„ : Rez > yi}, Io,t = {z G : Rez < q{t)}, h^t = {z G : Rez > p{t)}. Since 
g{t, •) maps S^r \ K{t) conformally onto and maps Iq and Ii onto /o,t and /i^j, respectively, 
the extremal distance ([2]) between /o,t and /i^t in S^r is equal to the extremal distance between 
lo and Ii in \ K{t). Prom Lemma [8. H as t — >• 00, the latter extremal distance tends to 00 as 
t — )• 00, which implies that the extremal distance between I^^t and Ii^t in tends to 00. Thus, 
p{t) — q{t) — )• +00 as t — )■ 00. The case that yi < yo can be proved similarly. □ 

Let h{t) = £Ui^q{r + s,X{s))ds. From ([731) and Lemma [U we see that a.s. h is bounded 
on [0,00). Let6(i) =^{t) + h{t) and =q{t) + h{t). Since X{t) =^{t)-q{t) = ^s{t) -qs{t), 
from ()8.ip we have 

r d^W = V^t^^W + f tanh2(6(t)-gs(t))dt, 6(0) =Xo; . . 

\ dqs{t) = tanh2(g,(t) - 6(i))c?t, Qs{0) = Vo- ^ ' ' 

Let 5<i(t, •) and Ks{t), < s < 00, be the strip Loewner maps and hulls driven by 6 Then 
for every zq G Mtt, dtgs{t,zo) = tanh2{Re gs{t, zq) - 6(*))- Thus, qs{t) = Regsit,yo + vri), 
< t < 00. 

Since (6)t = ^^^^ we see that, a.s. the /3s (t) defined by ()3.22p exists for all < t < 00, and f3s 
is a continuous curve in MUStt such that for any t > 0, St^ \ Ks{t) is the unbounded component 
of \ f3si{0,t]). Let /)+ = p_ = (k - 6 - p)/2. From dM]) we see that (3s{t), < t < 00, is a 
strip SLE(k; p, p_) trace in S,r started from xq with marked points yo + ^ri, +00, and —00 
([29]). Since p < —2, p+, p- > k/2 — 2. From Case (11) of Theorem 3.5 in [29], we see that a.s. 
limf^oo /3s{t) = yo + m. 

Lemma 8.3 Almost surely for every yi G M \ {yo}; R^dsit-iVi + ^ri) — qs{t) and Regs(t,yi + 
vri) — 6(^) both tend to {yi — yo) • 00 as t ^ 00. Moreover, i/yi G M and a G {1, —1} are such 
that a ■ {yi — Re/3s(t)) > vr for all t > then a ■ {Re gs{t,yi + ni) — 6(^)) ^ for all t >0. 

Proof. Let £ denote the event that limf_>oo f^sit) = 2/0 + T^i- Then ¥(£) = 1. Assume that £ 
occurs. Fix yi > yo- Since yo + hss on the closure of /3s, the argument in the proof of Lemma 
18.21 can be used here to show that Regs{t,yi + vri) — qs{t) tends to +00 as t — t- 00. The limit 
of Regs{t, yi + ni) — 6(0 can be proved by considering the extremal distance between /3[t, 00) 
and {z G Mjr : Rez > yi} in Syr \ K{t), which tends to 00 as t — )• 00, and is not more than the 
extremal distance between (— oo,6(*)) and {z G : Rez > Regs{t,yi + vri)} in S^. 

Suppose now yi > Re/3s(t) + vr for all t > 0. Then the extremal distance between {z G 
M,r : Re 2: > yi} and [yi — vr, yi — vr + vrz] is not less than 1, and not more than the extremal 
distance between {z G M,r : Re 2; > Re.gs{t,yi + vri)} and (— oo,^(t)] in Syr- This implies that 
Regs{t,yi + vrz) — 6(0 ^ 0. Other statements can be proved similarly. □ 

Lemma 8.4 Let £2 denote the event that for every yg G M \ {yo}, Rey(t,yo + vri) — ^(t) — )■ 
(yo ~ Vo) ■ 00 as t ^ 00. Then ^[£2] = 1. 
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Proof. Suppose ^,o{t) and qo{t), < t < oo, solve ()8.4p with xq = uq = 0. Let /3o be the strip 
Loewner trace driven by ^o- Then a.s. hmt_i.oo /Jq (t) = Tri, so /3o is bounded. Fix e > 0. Since 
a.s. h = (,s — C and f3o are bounded, there is i? > such that the probabihty that \h{t)\ < R for 
all t > and the probability that | Re/3o(i)| < R for all i > are both greater than 1 — e/2. 
Such R depends only on e. Fix any u'q > yg- Let p{t) = g{t, t/q + vrz). Then 

p'{t)=Uj{r + t,p{t)-^{t)), 0<t<oo. (8.5) 

Let T be the first time that X{T) = and p{T) — q{T) > 3R + 4. Then T is a stopping 
time. From Lemma 17.11 and Lemma 18.21 T is a.s. finite. Since = X{T) = S,{T) — q(T), 
p{T) -i{T)>m + 4. Let BT{t) = B{T + t) - B{T), t > 0. Then Brit) is also a Brownian 
motion. Let ^r(0 = CsiT + t) — S,siT) and grit) = qs{T + t) — qsiT), t > 0. Then ^j" and qr 
solve (|8.4p with xq = yo = and replaced by Bxit). Thus, (^r) has the same distribution 
as (Co). Let5r(t,^) = 9s(T + t,57nr,^ + e(r)))-e(T) and /3T(t) = 9s(T, /3o(T + t)) - ^(r). 
Then gxit,-) and /^^(t), < t < oo, are the strip Loewner maps and trace driven by ^rit)- So 
(/3t) has the same distribution as (/3o)- 

Let £: denote the event that \h{t)\ < i? and | Re/3T(t)| < R for all t > 0. Then F{£) >l-e. 
Assume that £ occurs. Let ?/2,T = -R+vr. From Lemma [8?3l we see that Re grit, ?/2,T+7rz) > Crit) 
for ah t >0. Let y2 = Re5(7^(T, y2,T + ^s{T) + ni). Then gs(T,y2 + ttz) = y2,T + CsiT) + vrz, 
and from gs{T,yQ) = qs{T) + TTi = .^^(r) + 7rz, we see that y2 > yo- Let ps{t) = Re gs{t,y2 + m), 
t > 0. Then ps{T) = y2,T + UT) =UT) + R + vr, and 

p',{t) = tanh2(p,(t) - Ut)), < t < oo. (8.6) 

Since ?/2 > 2/0; from Lemma [STSl we have a.s. Ps{t) — Cs{t) +oo as t — )■ oo. Since gT{t,z) = 
gs{T + t,g-^{T,z + C{T)))-C{T) and Re gT{t,y2,T + Tri) > Crit) for t > 0, 

p,(T + t) = Re grit, y2,T + ^0 + UT) > ^T{t) + UT) = 6(T + t), t>0. 

So far we have p{T) > ^(T) + 3i? + 4, ps{T) = (,{T) + R + vr, |^(t) - Cs{t)\ < \h{t)\ < R for 
ah t > 0, and ps{t) - ^^(t) > for all t>T. So 

p(.T) - e(T) >3i? + 4>i2 + ^ = p,(T) - UT). 

We claim that p{t)—(^(t) > Psit)—S,sit) for all t >T. If this is not true, then there is some Tq > T 
such that p{To)- C{To) = ps{T) - Un) and p{t) - U) > Ps{t) - Ut) for t ^ [T,To). Since 
n'j - tanh'a = Hj ^ > 0, and H/(t,0) = tanh2(0) = 0, if x > y > then H/(t,x) > tanh2(?/). 

For t E [r,To], since p(t) -C(t) > p,(t) -6(t) > 0, Ui{r + t,p{t) - ^{t)) > tanh2(p,(t) - 6(i))- 
From dESD and (USD we have p'{t) > p',{t) on [r,ro]. Thus, 

= (p(ro) - m)) - (psiTo) - Un)) = {p{To) - Ps{To)) - (e(ro) - ^(To)) 

> p{T) - ps{T) - le(To) - 6(To)| > (e(T) + 3i? + 4) - (6(T) + R + t,)-R 
> i? + 4 - vr - |e(r) - es(r)| = i? + 4 - vr - |/i(r)| > 4 - TT > 0, 
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which is a contradiction. So the Tq does not exist, which proves the claim. Thus, p{t) — ^(t) > 
Ps{t) — Cs{t) ^ for all t > T. Since a.s. Ps{t) — ^s(t) — s- +00 as t — t- c«, we have a.s. 
p{t) — ^(t) — )• +00 as t — )• 00. Since this a.s. happens when £ occurs, and F(£) > 1 — e, the 
probability that limt^ocipit) — C{t)) = +00 is at least 1 — e. Since e > is arbitrary, a.s. 
limj_j.oo(R'e^(t, ?/q + iri) — ^(t)) = +00. Since this holds for any i/q > yo, and Regit, y + vri) 
increases in y, we see that, a.s. for any t/q > yo, limf^oo(R.e5(t, + ^0 ~ = +00. Other 
statements can be proved similarly. □ 

For t>0 and x G M, let h{t, x) = sup{y : x + yi £ K{t) U M}. Then for any x G M, h{-,x) is 
nondecr easing. Since K{t) has period 2r, h has period 2r also. As K(t) is relatively closed in 
§7r and bounded away from Mtt, if h(t, x) > then x + h{t, x)i G 5i^(i|n§^ C K{t). For m G Z, 
let /3m = 2mr + /?. Since Sjr \ -f^(^) is the component of Sjr \ Umez (^"ilC^' ^1) whose boundary 
contains M,, dk{t) r\^^ C Umez ^m((0, i]). 

Lemma 8.5 IfhitQ^y'o) > i/ien t/iere are sq G [0,io] andm G Z swc/i i/iai /i(so,yo) = ^(^0)^0) 
and ^(so) = yo - 2mr + /i(so, ^o)^- 

Proof. Since /i(to,yo) > 0, yo + h{to,y'o)i G n C U^ez '^^((O' *o])- So there are 

So G (0,to] and m G Z such that + h{to,yQ)i = l3m{so). Thus, /3(so) = y'o — 2mr + /i(to,yo)^- 
Since /3(so) G -^(sq), Im^(so) < /i(so, Re ^(sq)) = h{so,y^). So /i(to,2/o) = ^(«o,yo)- Since 
h{-,y'Q) is nondecreasing, we have h{sQ,y'Q) = /i(to>yo) ^^^"^ /^Iso) = Vo ~ 2"ir + h{sQ,y'Q)i. □ 

Lemma 8.6 Define Ey = {t > : f3(t) = y + h{t, y)i}, y G M. Xei 1S2 &e t/ie event in Lemma 
\8.4\ Assume that £2 occurs. Then for any e > 0, sup(|J|y_y^|>j, E'jy) < 00. Moreover, if 
T = sup(U|j^_yo|>£ Ey) and dist(y, yo + 2rZ) > e, t/ien h{T, y) = supi>o y). 

Proof. Let e > 0. Assume that sup(|J|y_y^|>^ £'y) = 00. Then there are a non-negative 

sequence t„ — )• 00, and a real sequence (y„) with jy^ — yol ^ £ such that /3(i„) = y„ + y„)i. 
By passing to a subsequence, we may assume that either j/„ > yo + £ for all n or y„ < yo — e for 
all n. By symmetry, we only need to consider the first case. Let y'o = yo + e/2. The extremal 
distance between [yo,yo + ^r^] and [/3{tn),yn + T^i] in Stt \ K{tn) is bounded below by e/(27r), 
and bounded above by the extremal distance between {z G Mtt : z < Reg{tn,yo + vri)} and 
[^(tn), 00) in S,r- Thus, Reg{tn, y'o + vri) — ^(tn) is bounded from above by a constant. However, 
since yo > yo, tn — )• 00, and £2 occurs, from Lemma [8^ we have Reg{tn, y'o + T^i) — (.{tn) — ^ 00, 
which is a contradiction. Thus, T := sup(|J|y_j^^|>g E'jy) < 00. Suppose dist(y, yo + 2rZ) > e. 
If h{T,y) ^ supf^Q h{t,y), then there exists to such that h{to,y) > h{T,y). From Lemma [531 

there are so < to and m G Z such that h{so,y) = h{to,y) and /3(so) = y — 2mr + h{so,y)i- 
Since /i has period 2r, sq £ Ey_2mr- Since dist(y,yo + 2rZ) > e, |(y — 2mr) — yo| > e. Thus, 
So G []\z-yo\>eEz- Since h{so,y) = h{to,y) > h{T,y), and /i(-,y) is nondecreasing, so > T. 
This contradicts the definition of T. So we have h{T,y) = sup^^Q h{t,y). □ 

Theorem 8.1 Almost surely /3((0, 00)) n M,r = {yo + vri}. Recall that the driving function ^ is 
given by i8. 1]) . 
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Proof. Let £i and £2 denote the events in Lemma 18.11 and Lemma 18.41 respectively. Then 



"1 n £2) = 1. It suffices to show that /3((0, 00)) n = {yo + "^^l when £1 and £2 both occur. 
Assume that £1 and £2 both occur. 

Let e S (0,r). Let T = sup{\J^y_y^^y^ Ey). Then T < 00 from LemmaESl We claim that 

^((T,oo))n U [y + hiT,y)i,y + 7Ti] = (/}. (8.7) 

dist(y,yo+2rZ)>£ 

If this is not true, then there is to > ^ such that y^ := Re /3(to) satisfies that dist(yQ, yo+2rZ) > e 
and Im/3(to) > h{T,y'Q). From Lemma ISTGl /i(T, t/q) = sup^>o 2/0)- So we have h(to,yQ) > 
lmP{to) > h{T,yQ) > /i(to,yo)' which implies that to G Since I^q — yo| ^ from the 

definition of T we have to < T, which contradicts that to > T. So (|8.7p holds. 

Let Im,e = [yo + 2mr — e + vrz, yo + 2mr + e + vrz], m G Z, be intervals on M,r- Let L denote 
the subsequential limits of /3 on Mt^. From Lemma |8. 11 L 7^ 0. Since the union in (|8.7p contains 
the neighbors of \ Umez -^m,e, we have L C Umez -^m.e- Since the union in (j8.7p disconnects 
different Im,e^s in \ K{t), there is mo G Z such that L C Imo,e- Since this holds for every 
e G (0, r), we have L = {yo + 2mor + vri}. Now it suffices to show that mo = 0. 

For n G N, let Hn = sup^gj^ h{T + n,x). Then Hn < vr because K{T + n) is bounded away 
from and has period 2r. Let i?^ = {Hn + 7r)/2 G (i?„,7r). Let T„ be the first t such that 
Im^(t) > H'n. Since L / 0, T„ must exist. Let y^ = Re^(rn). Then Im^(r„) = /i(T„,y„). So 
Tn G Prom h{Tn,yn) = Im,5(r„) = H'^ > Hn > h{T + n, y„) we have Tn > T + n > T. 

From ()8.7p and the disconnection property of the union in (18. 7p . we see that y„ = Re/3(r„) 
satisfies |yn — (yo + 2mor)\ < e < r/2. If mo 7^ then |y„ — yo| > r for any n G N, so 
sup(U|j/-j/o|>r- -^y) — sup„T„ = 00, which contradicts Lemma \8M So mo = 0. □ 



Theorem 8.2 Let be as in Theorem\TR Let Ao = k^-H/. Let^{t) andq{t), < t < 00, 
solve the equations 

i dm = V^dB{t) + Ao(r + t, e(t) - q{t))dt, m = xo; 

\ dq{t) = H/(r + t, q{t) - m)dt, q{0) = yo. 

Let (3{t), < t < 00, he the rescaled covering annulus Loewner trace of modulus r driven by ^. 
Then a.s. ^((0,oo)) n M„ = {yo + vri}. 

Proof. Let X{t) = ^(t) — q{t). Then {X{t)) has the same distribution as the (Z^(,_y(,(t)) in 
([736]) . Let ^(t) and q{t) be defined by I^Ji) and X(t) = ^(t) - q{t). Then (X(t)) has the same 
distribution as the (XxQ-yoit)) in (j7.2p . Proposition 17.31 shows that the distribution of {X{t)) 
is equivalent to that of (X(t)). From (j8.ip we have 



e(t) = X(t) + yo + r H/(r + s, -X(s))ds. 
^0 
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From ()8.8p . the above equality holds with X{t) and ^(t) replaced by X{t) and ^(t). Thus, 
the distributions of (■^(t)) is equivalent to that of (^(t))- So the distribution of the /3 here is 
equivalent to the distribution of the (3 in Theorem 18. 1[ From the property of the /3 in Theorem 
18.11 we conclude that the /? here satisfies the desired property. □ 

Theorem 8.3 Fix p G (0,oo) and xo,yo S M. Let (3 be the covering annulus SLE(k, Aq) trace 
in Sp started from xq with marked point yo + pi, where Aq is given by Proposition \7.4\ Then 

a.s. ]3{{0,p))nRp = {yQ+pi}. 

Proof. We know that /3 is the covering annulus Loewner trace of modulus p driven by (,{t), 
<t <p, which solves (jiT]) with A = Aq. For < t < p, let q{t) = Reg{t, yo + pi) = gi{t, yo). 
From (|3TT0]) . q{t) satisfies q'{t) = Ui{p - t,q{t) - ^{t)). For < t < oo, let be defined 
by (|3.17p . Let r = p = Let ^{t, •) and < t < oo, be the rescaled covering annulus 

Loewner maps and trace of modulus p driven by Then ()3.18p and (I3.21|) hold. 

Let xo = ^xq and yo = ^yo- Let q{t) = Reg{t,yo + ni), < t < oo. Let Aq be as in 

Theorem 18.21 Since ^'o ^-iid satisfy (|7.26p . from (|2.10p we see that 

Ao{p + t,x) = ^—-Ao[^^—,^^—x), 0<t<OO. 

P + t \p + t p + t J 

Using ()3.17p . ()3.18p . ()4.ip . and Ito's formula, it is straightforward to check that ^(t) and q{t) 
solve ()8.8p with xo,yo replaced by XQ^y^ and B{t) replaced by some other Brownian motion 

B{t). From Theorem [82] we have a.s. ^((0,oo)) n = {yo + vri}. Using ([3:21]) we get the 
desired result. □ 

Theorem 8.4 Let s G M and A^^^ be as in Theorem \ 7.4\ Let p > 0, a G T, and b G Tp. Let 

/?(s)(*)) < t < p, be the annulus SLE{k, A(^g'^) trace in Ap started from a with marked point b. 
Then a.s. (3{{0,p))nTp = {e-P+^y^}. 

Proof. Choose xo,yo £ ^ such that a = e"° and b = e"^"'"*^''. Let /3(5)(i) be a continuous 
curve such that /J^^^ = e^[f5(^s)) a-nd /S(s)(0) = xq. Then /^^^^ is the covering annulus SLE(k, A^^^) 
trace in Sp started from xq with marked point yo- From Proposition 17.41 and Theorem 18. 3[ a.s. 

/ /3^s)((0,p)) n Mp C {yo + 2m7r + pi : m G Z}. So we reach the conclusion. □ 

9 Applications 
9.1 Reversibility 

Throughout this subsection we assume that «; G (0, 4], s G M, u = ^ — 1, and A^^^ is given by 
Theorem 17. 4[ Then A^^^ is a crossing annulus drift function with average shift s. We will prove 
the theorem below which generalizes Theorem ll.il 
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Theorem 9.1 Let k G (0,4] and s G M. If f3{t), — oo <t< oo, is a whole-plane SLE{k,s) 
trace in C from a to b, then a.s. limj_j>oo = b, and after a time-change, the reversal of 13 
becomes a whole-plane SLE{n,s) trace in C from b to a. 

Proof. We only need to consider the case a = and 6 = oo. Prom Theorem 17.4^ Lemma 
15.21 Lemma ISTTl and that a = ^ — 1, we see that A^^^ solves We now apply Theorem 

16.21 to A = A^^^. Let si = s, S2 = —s, Aj = A^^^.^, j = 1,2. Then A2 is the dual function of 
Ai = A. Let Kj^i{t) and Kf^2{t), —00 < t < 00, be given by Theorem 16. 2[ Let (3i^i{t) and 
Pi,2{t), —00 < t < 00, be the traces for the processes {Kj^i{t)) and {Kj^2it)), respectively. So 
for j = 1,2, f3jj is a whole-plane SLE(k, Sj) trace in C from to 00, which is a simple curve 
started from /3ij{—oo) = 0; and Kij{t) = 00, t]) for —00 < t < 00. Fix j ^ k G {1,2}, 

and tk S Q. Let = Io{Pi,k)- Then conditioned on I3j^k{s), —00 < s < tk, after a time-change, 
the curve gkitk, l^ijitj)), —00 < tj < Tj{tk), has the distribution of a disc SLE(k, Aj) trace in 
D started from with marked point e*(^fc(tfc)), where is the driving function for (Pi^kit)), 
9k{t) ■)) < t < 00, are the inverted whole-plane Loewner maps driven by ^fc, and Tj{ti^) is 
the maximal number in M such that (3j{t) H /3fc([— 00, t^]) = for —00 < t < Tj[tk). 

From Theorem 18.41 and the relation between the disc SLE(k, A) process and the annulus 
SLE(k, A) process, we conclude that a.s. (72(^2, 00, Ti(t2)))) PlT = {e*(^2(i2))}- Since 
g2{t2,-) maps C \ /32([— 00, t2]) conformally onto D and maps /32(^2) to {e'''{^2{t2))}, we see that, 
a.s. 00, Ti(t2))) n /32([— 00, t2]) = {/32(i2)}- Since Q is countable, a.s. 

/37,i([-oo, ri(t2))) n /32([-oo, ^2]) = {/32(i2)}, foranyf2eQ. (9.1) 

Suppose (j9.ip holds. If there is t2 G 1^ such that Ti{t2) = 00, then since Ti is decreasing, there 
is G Q such that Ti(to) = Ti(to — 1) = 00. From (19. ip we see that 

{/32(io - 1)} = /3/,i([-oo,oo)) n/32([-oo,to - 1]) C /3/,i([-oo, 00)) n /32([-oo, to]) = {/32(to)}, 

which contradicts that /32 is a simple curve. So Ti[t2) < 00 for all t2 G M. Since 
is continuous on M, we have /3i^i{Ti{t2)) = /32(^2) for any t2 G M. This equality holds 
a.s. because (|9.ip holds a.s. Thus, a.s. /32((— 00, 00)) C /3/_i((— 00, 00)). Symmetrically, a.s. 
/3/,i((— 00, 00)) C /32((— 00, 00)). Since and /32 are two simple curves started from and 
/o(0) = 00, respectively, we see that a.s. /32 is a reversal of Now is a whole-plane 

SLE(k, s) trace in C from to 00. Since (3j^2 is a whole-plane SLE(k, —s) trace in C started 
from to 00, and (32 = Iq{Pi^2)-, h is a whole-plane SLE(k, s) trace in C from 00 to 0. So we 
proved the theorem in the case a = and b = 00. □ 

Theorem 9.2 // (3(t), < t < 00, is a radial SLE{n, —s) trace in a simply connected domain 
D from a to b, then a.s. \mit-^oo Pit) = b, and after a time-change, the reversal of j3 becomes a 
disc SLE(k, A(^g'^) trace in D started from b with marked point a. 

Proof. This follows from the property of the coupling in Theorem 19. II and the relation between 
whole-plane SLE(k, s) and radial SLE(k, — s). □ 
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Theorem 9.3 Let D be a doubly connected domain with two boundary points a, b lying on 
different boundary components. If (3{t), <t < p, is an annulus SLE{k, A(^g-^) trace in D started 
from a with marked point b, then after a time- change, the reversal of j3 becomes an annulus 
SLE{k, Ai^g-^) trace in D started from b with marked point a. So we have a.s. limf_>p /3(t) = b. 

Proof. This fohows from the property of the couphng in Theorem l9.1l and the relation between 
disc SLE(k,A^s^) and annulus SLE(k;, A^^^). □ 

Note that the last statement in Theorem 19.31 improves Theorem 18.41 when k S (0,4] and 
a = ^ — 1. We believe that it holds for all k > and a G [0, and can be proved directly. 

9.2 Decomposition of annulus SLE 

We will use the solutions found Section [7] to decompose an annulus SLE^ process (without 
marked point) based on its end point. The result resembles the decomposition of strip SLE(k, p) 
processes (Lemma 3.1 in [30j). Throughout this subsection, we assume that k £ (0,6) and 
cr = I + ^. So cr G [0, ^). Let ^ = ^'^g) be given by Theorem 17.41 Then ^ has period 27r. From 
Lemma 15.31 we see that there is a constant C > 0, such that limt_>.oo ^{t,x) = C, uniformly in 

_2 

X G M. Let r = "^Qj "/C. Then limt_!.oo T{t,x) = 1, uniformly in x G M. From Lemma 15.21 we 
see that F satisfies 

dtT = |f" + H/F' + H;F (9.2) 

Let A = Ky = 1^%' ~ H/. Then A is a crossing annulus drift function. 

Let ^(f) = ^/K,B{t). Fix p G (0,oo). Let g{t, •), < t < p, be the covering annulus Loewner 
maps of modulus p driven by ^. Let zq G Mp. Then g{t,ZQ) G Mp_f for < t < p. Let 
Qzoit) = Reg{t,zo), < t < p. Then q'^^{t) = H/(p - t,q^g{t) - ^{t)), and 

dtg'{t,zo)=Il'i{p-t,q,,{t)-m)9{t,zo); (9.3) 

g'{t,zo)=e^p(^J^ U'j{p-s,q,,{s)-^{s))dsy (9.4) 

Let X^o(t) = qzoit) - ^(t) = Reg{t,zo) - ^(t), 0<t<p. Then X^„(t) satisfies the SDE 

dX^^^{t) = -y/^dB{t) + 'H.i{p-t,X^,j{t))dt, 0<t<p. (9.5) 

From ([92]), <^M^ dSS]), and Ito's formula, we see that 

M,,{t) ■.= T{p- t, Regit, zo)-C{t))-g' it,zo), 0<t<p, (9.6) 

is a local martingale. From (j9.4p we see that for any po G [0,p), Mz^it), < t < po, are 
uniformly bounded in absolute value by a constant depending only on p and pq. Thus, Mz(^{t), 
< t < Po, is a bounded martingale for any po G [0,p)- Define m(t) = ^ J^^ T{t,x)dx. 
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Then m{t) is continuous on (0, oo). Since F — t- 1 as t — ?■ oo, uniformly in a; G M, we have 
Umj_j.oo m{t) = 1. Note that 



— Mx+pi{t)dx = — I T{p-t,Reg{t,x +pi) - £,{t)) ■g'{t,x +pi)dx 



= — Tip-t,y-m)dy = m{p-t), 0<t<p, 

jReg{t,pi) 

where the last equality follows from the fact that F has period 27r, and g{t, z-\-2tt) = g{t, z) + 2tt. 
So for any p > 0, m{p — t), < t < p, is a martingale. Since m{t) is a deterministic function, 
it has to be a constant. Since limt_>oo fn{t) = 1, m{t) = 1 on (0, oo). Thus, 



1 



2lT 



— / M^+pi{t)dx = 1, Q<t<p. (9.7) 

^TT Jo 

Theorem 9.4 Let p > 0. Suppose (3 is an annulus SLE^^ trace in Ap started from 1. For any 
x G [0, 27r), let (3x be the annulus SLE(k; A) trace in Ap started from 1 with marked point e~^^*^. 
Let and Fjs^x denote the distributions of these traces, then 



1 



2n 



P/3 = ^ / T{p,x)Fp^,dx. (9.8) 

Proof. Let ^(t) and S,xit), < t < p, he the driving functions for /3 and f3x. From definitions, 
we may assume that ^{t) = y/KB{t), and ix{t) solve the SDE 

dixit) = ^^dB{t) + A(p - t,ix{t) - Regit,x))dt, ^^(0) = 0, 

where g(t, •), < t < p, are the covering annulus Loewner equation driven by Let {J-'t)o<t<p 
be the filtration generated by (^(t)). The whole a-algebra T is generated by Uo<t<p-^*- -^^^ 
and F^^x denote the distributions of these driving functions. We suffice to show that ()9.8p 
holds with the subscripts "/3" replaced by , which means that 

Fi:{A) = ^ r F(p, x)F^^x{A)dx, VA e T. (9.9) 

For a; G M, let qx{t) = Reg{t,x+pi). Then q'^{t) = H/(p - t,qx{t) - ^(t)). For zo £ Rp, let 
M,,{t), < t < p, be as in (inSl). For po G [0,p), define P^.p^ by dP^ydPg = Mx+pi{po)/r{p, x). 
Since M2,.+pj(0) = T{p, x), Fx,po is a probability measure. Prom (19. 7| we see that (19. Sp holds with 
Fp and replaced by F^ and IP^°2., respectively. From Ito's formula and (|9.6p . we compute 

'^M^tpit) " ~ - From Girsanov theorem, we have Ff^^ = F^^x on Tp^. 

Thus, (19. 9p holds for any A G Fp^^. Since this is true for any po ^ [0,p), (19. 9p holds for any 
■A ^ Uo<t<p-^*' which is an algebra generating T. The conclusion of the theorem follows from 
Monotone Class Theorem. □ 
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From (26j we know that a.s. limj_^p exists and lies on Tp. From Theorem 18.31 for every 
X G M, e~^"*"" is a subsequential hmit of (3x{t) as t — t- p. So from Theorem 19.41 we see that 
for a.e. x G M, a.s. liuit^p /3x{t) = e~^^*^. Thus, Theorem 19.41 gives decompositions of annulus 
SLEk according to the hmit point of the trace. And we also see from this theorem that the 
distribution of limj_^oo is absolutely continuous w.r.t. the Lebesgue measure on Tp, and the 
density function is ^r(p, x), which is smooth in both p and x and solves ()9.2p . This PDE is 
obtained in [SB] under the assumptions of the absolute continuity w.r.t. the Lebesgue measure 
on Tp and the smoothness of the density function. Now we can discard this assumption. 

Only in the case k = 2, we have a = ^ — 1, which implies that Px satisfies reversibility. In 
|25j it was conjectured that for k £ (0,4], the annulus SLE^ trace conditioned on the end point 
satisfies reversibility. Now we can see that the conjecture can not be true unless k = 2. 

When K = 2, using the convergence of LERW to annulus SLE2, it is easy to compute 
T{p,x) = pii'j{p,x) + 1. Hagendorf and Doussal found an expression for T in the case k = 4; 
and they also found an expression in the case k = 2 for the density function of the end point 
of the trace in the covering space ([8j). 

10 Some Particular Solutions 

In this section, for k G {4,2,3,0,16/3}, we will find solutions to PDE (jl.ip and ()1.2p . which 
can be expressed in terms of H and H/. Equivalently, we need to find positive or negative 
solutions r to PDE ()5.3p and (15. 4p . The transformation is ()5.ip : A = k^t. 

10.1 n = 4 

Let K = 4. From Lemma 15.21 we see that if \I' solves. 



then r = ^e^^/" solves dOD- Similarly, F = ^iQ-'^/'^ solves dSSD with C{t) ee if ^' solves 
(jlO.ip . The solutions to (jlO.ip are well-known. For example, we have the following solutions: 



(10.1) 




10.2 K 



2 



Now we consider the case k = 2. In this case if H on (0, 00) x M solves 

dtE = E" + E'Uj + cm 

then F := E' solves (15. 3p . Similarly, if E on (0, 00) x (M \ {2mr : n £ Z}) solves 

dtE = E" + H'H + C{t)E. 



(10.2) 



(10.3) 



73 



then r :=E' solves (fO]) . 

From (USD we see that Hi = H/ solves (fTo:2]) and H2 = H solves (fTOSD with C(t) = 0. It is 
also easy to check that ^^{t, x) = tilj{t, x) + x solves (|10.2p and ^^{t, x) = til{t, x) + x solves 
(jlO.Sp with C{t) = 0. The H3 corresponds to the solution T{t,x) = t'H'j{t,x) + 1, which agrees 
with the solution given by Section [731 for k = 2 and a = ^ — 1 = 1. Such F is also the density 
function of the distribution of the limit point of an annulus SLE2 trace, which is discussed at 
the end of Section 19.21 

Fix t > 0. Let Lt = {2mr + i2kt : n,k ^ Z}. Let Fi^t denote the set of odd analytic 
functions / on C \ such that each z G Lt is a simple pole of /, 27r is a period of /, and i2t 
is an antiperiod of /, i.e., f{z + i2t) = —f{z). Let F2^t denote the set of odd analytic functions 
f on C \ Lt such that each z G Lt is a simple pole of /, 2tt is an antiperiod of /, and i2t is a 
period of /. Let F^^t denote the set of odd analytic functions / on C \ Lt such that each z G Lt 
is a simple pole of /, and both 27r and i2t are antiperiods of /. Define 

Fi(t, z) = U{2t, z) - HK2t, z), r2(t, z) = ^H(^, |) - hn^-, ^ + ^), 

From the properties of H and H/, it is easy to check that Fj t is the linear space spanned by 
•) for j = 1, 2, 3. For j = 1, 2, 3, Define 

Jj = dtVj - f;' - r;.H, Cj {t) = ^Res,=o Jj (*,•)• 

Fix t > 0. Note that is a simple pole of H(t, •) of residue 2, and is a simple pole of Ti{t, •). It 
is easy to conclude that is also a simple pole of Ji(t, •). From that •) G Fi^f, that H(t, •) 
has period 27r, and that H(t, z + 27r) = H(t, z) — 2i, it is easy to check that Ji{t, •) G Fi^t as 
wen. So Ji{t, •) = Ci(t)Fi(t, •)• Thus, Fi solves ([Tin]) . Similarly, F2 and F3 both solve (fTTO]) . 

10.3 K = 3 

Let K = 3. Let Tj, j = 1, 2, 3, be as in the previous subsection. For j = 1, 2, 3, define 

Jj = dtT, - - HF;. - 1h'F„ C,{t) = ^Res,=o Mt, •)• 

W find that Jj{t, •) G Fj-* for any t > 0. So J,(t, •) = Cj{t)Tj{t, •). Thus, Fi,F2,F3 solve dS^D- 
For j = 4, 5, 6, let Fj(t, z) = Tjs{t, z + it). Since H7-(f, z) = H(t, 2: + zt) + z, it is easy to check 
that F4,F5,Fe solve (j5.3p . Among these solutions, F4 agrees with the solution given by Section 
17.31 for K = 3 and cj = ^ — 1 = |. And we expect that Fi corresponds to the scaling limit of 
critical spin Ising models ([23]) in doubly connected domains. 
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10.4 K = 

Let Lt be as in Section [TU^l Let H2(t,z) = H(t,z/2). From (I23D we have 

9tH2 = 4H'2' + 2H'2H2. (10.4) 

Let G = H — 2H2. Then for each t > 0, G{t,-) is an odd analytic function on C\Lt, and each 
z & Lt is a. simple pole of G. From H(t, z + 2it) = H(t, z) and H(i, z + i2t) = H(t, z) — 2i we 
see that both Air and iAt are periods of G{t, •). Fix t > 0, and define 

J{z) = _ 2G'{t, z) + 3H'(t, z). 

Then J is an even analytic function on C \ Lt and has periods 47r and i4t. Fix any zq = 
2novr + i2kot G Lt for some no, /^o S Z. Then 2zo is a period of J, so JzqI-^^) "^(-^ ~ -^0) 
is an even function. Thus, ReSz=2o J^z) = 0. The degree of zq as a pole of J is at most 2. 
The principal part of J at for some C{zq) £ C Note that Res^p H(t, z) = 2 and 

ReSzQ G{t, z) = —6 or 2. In either case, we compute C(zo) = 0. Thus, every zq £ Lt is a 
removable pole of J, which, together with the periods 47r and lit, implies that J is a constant 
depending only on t. Differentiating J w.r.t. z, we conclude that 

2G" = G'G + 3H". (10.5) 

From G = H - 2H2 we have 2H2 = H - G. So from (fTOlll and (fTOSD . we have 

dtH - dtG = SH'a' + 4H'2H2 = 4H" - 4G" + (H' - G')(H - G) 

= 4H" - 2(G'G + 3H") + (H' - G')(H - G) = -2H" - G'G + H'H - G'H - H'G. 
From the above formula and (|2.9p . we have 

SfG = 3H" + G'G + H'G + G'H. (10.6) 

Thus, G solves ([0]) when k = 0. Note that H/(t,z/2) also satisfies 1^0^. Let G/(t,z) := 
H(t, z) — H/(t, |). Then Gj{t, •) is also an odd analytic function on C \ and has periods 47r 
and i4t. The principal part of Gj{t,-) at every zq G is also either ^5f^ or jr^- Using a 
similar argument, we conclude that G/ also solves (|1.2p when k = 0. 

10.5 K = 16/3 

Let G and Gj be as in the last subsection. Let F = — G/3. From (jl0.5p we have 

= ^F" + AF'F + -H". 
3 3 

From (jl0.6p we have 

dtF = -H" - 3F'F + H'F + F'H. 
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Summing up the above two equalities, we get 

dtF = -F" + -H" + U'F + F'U + F'F. 
3 3 

Thus, F solves ()1.2p when k = Similarly, Fj := —Gj/ci also solves (jl.2p when k = Here 
F and Fj have period An instead of 27r. If we want a solution to (ll.ip with period 27r, we may 
first restrict F or F/ to the interval (0, 2tt) or (— 27r, 0), and then extend it to M \ {2mT : n G Z} 
so that the function has period 27r. We expect that the chordal-type annulus drift functions 
generated by F and Fj correspond to the scaling limit of critical cluster Ising models ([6]) in 
doubly connected domains. 
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